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1. Theorem 1. Es sei vorgelegt eine Poten-

zreihe mit endlichem Konvergenzradius.

Durch die Abanderung der Vorzeichen

gewisser geeignet gewahlter Koeffizienten

entsteht daraus eine Potenzreihe, fur welche

alle Punkte des Konvergenzkreises singulare

Punkte smd.

This theorem was conjectured by Fatou,

and first proved by Polya. The purpose

of the present paper is to give another

proof. The proof of Theorem 1. will be

based on the following lemmas. We can

assume, without loss of generality, that

the series has radius of convergence 1.
∞

Lemma 1. ([1】) If a series f(z)=∑cnzn
n=0

has radius of convergence 1, then in order

that z=eiθ is a singular point it is neces-

sary and sufficient that

(1)無に旭(芸cme =2.
Lemma 2. ([1]) If a series ∑cnzn has

n=0

radius of convergence 1,

(2)無lは(芸)C司≦2,
for an arbitrary real number θ(0≦θ<2π).

Lemma3. ([3]) When 0<θ<1 and n

IS sufficiently large, there exists a number

r (<1) which the following inequality

holds.

(3) (【&)<rn 22n,
where [ ] is the Gaussian symbol, r is

independent on n, and only depend on θ.
∞

Let ∑cnzn be a given power series with
n=O

radius of convergence 1. In　2. we shall

show a practical process to form a sequence

{εn}(εn=1 or -1) such that the unit circle
∞

is a natural boundary of　∑εnCnzn. Next
n=0

in3.weshallprovethattheprocessin

2.iscorrect.
∞2.(i)Sincetheseries∑Cnznhasradius

n=O
ofconvergence1,foreverypositivevalue

ofe,nomatterhowsmall,aninfinite

numberoftermsofthesequencecanbe

foundsuchthat

(4)(1-ε)n<M<(1+ε)n.

Fromthesequence{cn}wearegoingto

extractasubsequence{cnk}whichsatisfies

(4).

(ii)Further,fromthesequence{nk}we

shallextractanarbitrarysubsequence

{nkj]whichsatisfiesthefollowingcondi-

tion.

Condition;Forapositivenumberθ(<1),

(5)(2-θ)M*j-i<θnkjforj=1,2,3,

Forconvenienceweshallreplace{nkj}by

{nk}.Consequently

(6)(2-θ)nk-i<dnkfork=1,2,3,

.Note1.Itisclearthat

(7)2nt-v[θnk-i}-1<[θnk]+1.

(in)Letthe2mthrootsofunitydenote
by1,ωm,ω2m,……ω2m-1Ingoodorder

wearrangenumbersgivenbytakingm=

1,2,3,……,andweformthesequence

(8)1.-1,1,i,-1,-i,1,ω3,ω23,……,ω37,

Note2.Foranarbitrarypositivein-

tegerN,eachof2Nthrootsofunityappears

infinitetimesinthissequence.Tothe

Athtermω(0≦S≦2m-1)ofthissequence,

nkmakestocorrespond.Itisasfollows.

(9)1,芸'.TI∴nk,
0)ms,Ⅰ`Ⅰ
(iv)Since|cnk(ωms)nk|-|cnk|>(l-ε)nk.

|αnk|+|βnk|>(1-ε)nk,

wherecnk(ωms)nk=αnk+iβnk.

Accordinglyeither|αnk|or|βnk|isgreater
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than吉(1-εI"*

PorIsatisfying

(10)[dnk]+l≦l≦2ォサー[dm,]-1,

(a)Whenla"*>÷(1-ε)"*,-e丘ndet

suchthat

(ll)Re{εlCl(ωォ*)'}>Re{cnJω*)"*}≧0・

(b)When¥OHk‡(1-ε)〝*,-e丘ndεL

suchthat

(12)Im{ξic,(a・,*)'}'Im{Cnk{ωs)w*}≧0.

(c)Whenα"ftandIβnk¥arebothgrea-
terthan去(1-・)"*,-emaychooseeither

(a)or(b).

(v)EveryεIwhichisnotintheabove

discussionmaybechosenfreely.

3.Foranarbitrarypositiveintegerm,

letoneof2mthrootsofunityーdenoteby

ωサ*,thenz-ω仇'isa'singularpoint.The

ptoofisgivenasunder.

Thereisanin丘nitenumberoftermsof

thesequence{nkiwhichcorrespondtoθms.

(Note2.)

Letnkbee.g.oneofthem,thenthe

followinginequalityholds.
・13)想(2nk
^)e/c/(ォms)'-≧2サ.-[

/=[fl豈'サ*]-ォ(2nk¥IεlCl(ωs)'¥-¥署(2r>-<ω・)'l

--2〕(2r)-<ωm)

Forsu伍cientlysmallεandlargenk,

(i)-henα"ft>吉(1-ε)"*,bythepro-

cessin2.,lemma3.andWallissformula,

・14)億(2**)e/c/(a>S,)'|>豊/2n*¥

iW/
Roεici(ωnS)'¥-rlnk'22"k≧/2n*¥,αnkI

-nr>k.22"k>α"kl芸(吉-ε)-n"*'22"*

>22"*(1-ε)2"k,

whereγiissmallerthan1,andonlydepend

onθ.

(ii)When10,,.|>吉(1-ε)"*,bysimilar

discussionin(i),(14)holds.Sincethereis

anin丘nitenumberoftermsofthesequence

{nk}whichcorrespondtoθms,

(15)無胞(7)εlCl{ωm)≧2・

Fromlemma2.

(16)融A(n¥elCl(ω-2.

Consequentlyz-ωmSisasingularpoint.

Sincemisanarbitrarypositiveinteger,

theunitcircleisanaturalboundary.

q.e.d.
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