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Introduction

While investigating the paper of Herr
Miiller, we found the theorem which states
as follows:

Das einfach zusammenhingende Gebiet
G, liege in Kreis|z|<1 und enthalle den
Kreis |z| <p; das einfach zusammenhin-
gende Gebiet G,, liege in Kreis | w <1 und
enthalte den Kreis | w\<q. Die Funktion
w=f(2) bilde G, auf G, derart konform
und schlicht ab, daf f(0)=0, f/(0)>0.
Dann gilt fir | z|=0p (0=0<1) die Ab-
schatzung

D) |f@—2]=0v (pR)+4psinA(p, D),
wobei ) _

1 ,

@ R=Max{?—1, 1~a},

@ A, tH=Min{Z, log%log% FZ}
in der Ungleichung (1) gzlt fiar 0>0 das
Gleichheitszeichen nur, wenn p=1, f(z)=qz,
| z2|=8 ist, dann aber fir all 0 aus dem
Intervall 0<0<1.

is not always true. Therefore we endea-
vored to correct the error, and fortunately
we succeeded to obtain a new result which
is sharper than that of Ostrowski.

I

Let P(w) denote a point of the complex
plane, whose affix is w, and G,, a simply-
conected domain whose boundary is con-
sisted of the following arcs:

the e e 1 5], {38

of the circle | w }=71— the segment

L
(\Pl:%e%‘g "'}, P[%e—lgmb, the minor arc

<P [ie o m], P[%J) of the circle |w 1=~2—,

the semicircle (w——i(z‘l Im{w} >0,

12’
the minor arc ( P[ 6_| P{ et MJ) of the

circle | w ]=/-g~, and the segment

(Pl g e

Let the function w=f.(2) (.(0)=0,
F-(0)>0) be regular and univalent and
maps | z |<» conformally onto the interior
of G,, and let z=¢,.(w) be the inverse
function of w4fr(z).

Being ¢,(w)==¢,w), |¢1( 5 |<1, if we
take »; which satisfies 50,<z>1<r‘<1,
then we have

rn>r ?1(,3;)" =7 Sorl( )= Sﬂrl( 4 )\ .

Hence the image domam of |z|<r,
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given by w=f,,(2) contains P‘i}}, i,e, the
image curve Cr? of | z|=7 intersects the
segment (P[%J P[%]) at more than one

pomt Put
(%( )+1
2

f (z) =f,(2),
further we denote the disk | z |<p by G..
Then under the above mentioned condi-
tions we can show that the following
inequality does not hold.

@ |f(@—2z|=0v @®R)*+4p sin’A
/
=p \/‘;11—P2+4psin’2A for | z|=p*.
Being
1 14+p _ 1

1.99
———log‘r log g1 5= 10 6®10g0 01<002

it w111 be suﬂic1ent to show that t_he
inequality

G 1f~z K\/ L ro006<051

does not hold.
As the image domain of |z |<p* given

by w=f(z) contains P[0] and P[%J

ofs | z |=p* intersects
the segment (P[—%’J, P[ —éJ), the minor
arc <PY%e}_;m], P!ﬁ%e{gﬂ’]\) ‘of the cirgle

{w \=%, and the segment ( P[%], Pli%J\/

/

099) =p<1, 0=p and

image curve C,:

respectively.

Let P[a] be one of points of intersection
with the former segment, P[3:1(¢/=1, 2,...
...n) be all points of intersection with the
minor arc and P[y] be one of points of
intersection with the latter segment.

On the other hand, being

(3

p-'ui- o 2 * 12 A% 1 2
2,7 Ve p2Y 2 [
JP[pe ) =)
—2(p? )\ 5 )cos -=>0.35,
we have
1 35 Tmi
(P[5 ¢} Ploe +™1) > 035 051,
Therefore if we assume that (5) holds,

(considering | z |=p? as | w |=p*) all inverse
image points of P[3:] (=1, 2,...... #n) must

be on the minor arc (P[pee"ﬁ“"i 1 Pl p’ze’; - D

of the circle |w|=p> As the distance
between the segment (P[1], P[—1]) and the

——"EL

minor arc (P[p’e*

'zﬁfy
1, Plp%e* D is
p*sin ~4~, and

P”sin3—20.999><f~/22->0.51,

the inverse image points of Plu] z_md P[]
must be on the major arc (P[pe* 1,
P[p%+ ™ ] of the circle | w |=p"

Therefore the image curve of the arc
(P[pe1], P[p%e*]), where P[p’¢*1] and
P[p%i*:] are the inverse image points of
Pla] and P[r], respectwely, which 1s a part
of the major arc (P[p* e4 ] P[p? e4 ]) of
the circle | w |=p?, is a Jordan curve which
joins P[a] and P[r], therefore it contains
at least one of P[3:] (=1, 2,...... n).

This contradicts the fact that there is
a one-to-one continuous correspondence

between the points of | w |=p* and those
of C,2.

1I

Theorem. On the same assumption as
Miiller's we have
6) |f(@—z|=0v (PR)*+4psin°A(p, q, O,
where
1 \
(1) R=Max( -1 1),

P
® A, g, 0) —Min(Z 2. 2__10g j} 10gi Fﬂ)

Moveover the equaltty holds when and

only when
p=q=1, f(2)=z for 1>0>0.

Proof. Since f(0)=0 and [f(2) |<1 for
| z1<1, by using the Schwarz’s lemma we
have‘

) ‘fgﬂ;% for |z |<p.

It is evident that (9) is valid in the
part of G, which belongs to the ring
domain p=|z|<1.

Hence (9) holds in the whole G..

Similarly for the inverse function z=
o(w) of w=f(z) we can see easily that
the following inequality holds.

Kl
|= q we
Hence
|z |1,
) F) =q I G,.

If we put

av 72l =p), arg™® =uca),
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by (9 and (10) we get
12) o<q;,o<z);—; in G.,

13 {p—1 l:Max{; -1, 1—q}::R

A4) | f(D)—z = f(z) li
"'( z ‘7 P(Z)e“’ z _11
=iz 1{(1“."(z))-—i-4‘o(z) Sine’l(zz) }

By (11) and (12) we have /¥ x0inG,
therefore if we put z=re”, r<k<p, and
we apply the Poisson’s formula to argf (:)

where we take the branch such that
( argf(Z))

15) u(2)=
1 £ sin(0—2
:',;'S logp(ke™) gz Zﬁ(cos&fq)d"

=1 smlloqurlog‘ (ke )}

vk sin(— ))
X B —ark cos (D
= 1078 Pke™)
B So {log q }
7k sin((1—2)
" p ke —2rk cos(9—HY
Here we put
lo {U(ke“\)) rk sin(4—2)
g S7©-FRE—27k cos (0—7)

then as 10gp(kq-)_;0 by (12), we have for
0=6<=

0 m+0 2%

|, Kai=0, { ‘Kai=o, | Kar=o.

Therefore we have
1, 1(°  rksin(0—D
= logpqgo 7 Rk —2rk cos (1 — )dL:a(z)
110 1 {“’ rk sin(f—2)
=7 %8 pgl), ¥+ K —27k cos (1—7)

S”‘ rksin(t1—2) di} ,

=argf/(0) =0, we have

a(re'”)

=K,

-d2

+

won PR =27k cos(—A)
that is,

1 k—i—r
(16) — - logpqlog b

~l— —log pl logz l—:
By 31m11ar discussion we have (16)
when 7=¢< 2.
As the inequality (16) holds for »<k<p,
it therefore must hold for k--p, conse-
quently the inequality

an a2 ]"» logpq log

=a(2)

p+r

holds.
If we consider | z =r=~#p, we have
18 @ |= Liog ! 10g 14
pqg =10

From this we can conclude that
19 sin® “F =sinz 2 |zsinA(p, q, 0.
By (12), (13) (14), and (19), we have

| f(2)~z I“ﬁp\/ R p\sxn-A(p, q,
=01"(pR)*+4p sin*A(p, g, #).
By (9, (10), and f(0)>0, we can see
that the equality sign does not occur

except when f(z)——b z or f(2)=qz, there-

fore by (13) we have
@) fD= 2 R=} ~1; ) =4,
R=1—aq.

These satisfy arqf @ =0

accordingly for posmve fi the equality
sign occurs only when p=¢g=1 by (18).
In this case, of course, f(z)=z  This
completes the proof.

III
Consider specially the case where g=1,
then (6) becomes
@D | f(@)—z|=0v' A—p)*F4psin*Alp, )
for | z |=0p,
where

respectively,

0
A(p, ) Min(2 9 logplog }+ﬁ>

To show that (21)
Ostrowski’s result :

is sharper than

22) [f(&)—z|=0(1—p)+0+'1—p* \/log1 7
for 0=60<1, 0<p<1,

23 f(z)—z =(1—p)+2071—p?)
for ~2 =61, 0<p<],

we introduce the following simple ine-
quality

log- ;«

(6! L,—u i 1)

4610;,14
This can be proved as follows:

(i) fiCw) =2 4

logu Tur
ing function of # for 1<{#<{cc moreover

ﬂ(e4)=; ;—logd>0, and so £,()>0

@t <log for 1<u< .

l-—log4 is a decreas-
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for 1 <u = e4 hence

<13é7¢ —log 4
2
elogu

‘*103‘* (em +D for 1<u=e¢e".

4elog w

- log

(ii) If we put
g(eﬁ?f;rl)f_ 4
4615? w w—1’

then, for ¢*<u<oo, we have
doii]  2n

8u
£ (w)= R YR 7 o
(u 1) elogut-] (10gu) 74

f2(2e)=lo

2T
< 8u _logu 27
(w*—1)* 6 (logn)*n
_ 8 qur(logu)® =* }
“(ogw)ul (wr—1)* 12

= oyl o he o™ 12§ <0

Hence f.(x) is a decreasing function of
u for e*<<u<oo, moreover lim f.(u)=0,

U-»00

we have f:(#) >0 for &'<u<w. q.ed.
Next, we shall prove that the following
inequality hoids.
0y (1—p)E-+4psinA =0(1—p)
___T_
0y 1—p/log; ~
where
0<p<1, 0= 0<1
A= Mm(2 o ‘1o »~—10g 1~-~\l
As »
vV (A—p) 4p sinfA—(1—p) =2p sinA,
it is sufficient to show
(25) 2psinA=," TLF\/ log1—1~(7_:, .

1 1 1-+A
log » log 1= namely

(iii) When 1=

2

.‘\ .
1>(L k—t—l(k e gp), if we put

=? (0<p<1), from the inequality (24),
we have

(k-+1)? 1
26 1 <log 4k =log1 (k -
B+1
Elogi 5.
e
‘Therefore we have
2psinA _  2p

) 1
V1—pr = T p<V1°g1 o .

(iv) When 0= Llogzl’log }+ 0<1 namely

1> k+1 >0>0 by (26)

4 —-p—
P A g
Con51dermg as 20, we have
s (I—P ) (logk)?
(k-+1)?
o) g5
1+ﬁ 1+84\2
_<log L+6 ) (108 0
= ‘ R
10g 1— U; 10 k= 1 log "1_057
therefore we have
: 1+4
v1—p? Vlogl o 220 o logzlog1 b
=2pA=2p sinA.
For ¢=0 it is evident that (25) is true.

q.ed.
Further we shall prove the following
inequality holds.

@D v A—p):+apsintAOA—p)
121",
where
3 =0<1, 0<p<,
A=Min<-~725, 721& logf;- log i_—{:z >
Putting A:%, we have

1
o}
’

0p<v1—p?
That is, it is sufficient to show
@8 L1ogliog, ! <logl +logl
5 108y gl__pa gy g b
Proof.
(v) When 0<p§p*=lie;ffl, we have
1 1 1 1
- ¥log 1—p* _'2 log1 '—5;._,—1.
Hence we have (28).
(vi) When 1>p>p* and

1. 1, 1+6_ 1
or 108 polog g p=o0s

1
1
namely 1>0:k +1<k‘—e “),

in view of

1>2log logr1$-~6 1og11)

we have
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1 e
. log-'pﬂ 4( IOg‘?—)w - 2
Tig b1 T orogl 1 i
2 og 1*].')" ng elugrp—
2 1 1
_k|_1= 7] 1>1Og0 .

That is, we have (28).
When 1>p>p*, and

11, 1. 1+4 )
o > 97 log » log i—9° replacing

logzl) log }fz with ¢ and

¢, with o
log— -

p
respectively, we have a:logrli'_kz >1,
€>10g11)-, and it is sufficient to show

Qg 1
@9 e <y 1—p .
Taking logarithms of both side of (29),
1 1 1
2 log 27+2 log —g—>log ?flogl-——p'-’ .

On the other hand
1, e-+1 _ 2
log 0'—-10g e—1 < a
and so we have only to show
1

(30) log 2-+log | > (f log=5

(viD) When 1>p>p" and | Se>log ) >0,

1 . . . .
elog . Is an increasing function of e.

Hence

(31) clog . >log log- 1.
1

b
og b
On the other hand

@2 fip)=log- ! —log15>0,

log p

because f;(p) is an increasing function of

p for 1>p>p* and £,(p*) >0.

By (31) and (32) :

1.1 1 1 -1, 1

log --é->—€~log » loglwpg— o 10g1~p”—’ .
This proves that (30) is true.

(viii) When 1>p>p* and 1>¢> 21_, » We

have

1 1 1 1
By (33) and a= ° > '*1‘1“’
log-- 27log——

ng gp

we have
log 27> 27 log pl* log Ij—p*f

1 1
>2n Ing logl_p._; .

From this we can get (30). This com-
pletes the proof.

At the end I wish to express my hearty
thanks to Prof. A. Kobori of the Kyoto
University, Prof. Y. Mori of the Kyoto
‘Gakugei University and my friend Mr. Y.
Kusunoki for their kind leadings.

References

(1) Hurwitz-Courant, Funktionentheorie. 3.
Aufl. Berlin. (1929)

(2) ' Ostrowski, A. Uber konforme Abbildungen
annihernd kreisformiger Gebiete. Jahresber.
deutsch. Math.-Vereinig (1930), 78-81

(3) Miiller, M. Zur konforme Abbildung ange-
nihert kreisformiger Gebiete. Math. Zeitschr.
(1938) 628-636

(4) Nehari, Z. Conformal mapping. (1952)



