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An Example of an ASL on a Distributive Lattice whose
Straightening Relations Do Not Give a Presentation
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Abstract :  DeConcini-Eisembud-Procesi [1] proved that if A =@ a>04ns is a graded ASL on a par-
tially ordered set H over R =A,, then the straightening relations give a presentation of A, i. e, all the
relations of the monomials on H are generated by the straightening relations. On the other hand, Trung
[2] constructed counterexamples of the problem above (i. e, ASL’s whose straightening relations do
not give presentations) for general ASL’s. But the partially ordered set of the example of Trung is not
so good. So in this note, we construct an example of an ASL on a distributive lattice whose straighten-

ing relations do not give a presentation.
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Let R be a commutative ring and H be a finite partially ordered set (poset for short). An
algebra with straightening law (ASL for short, ordinal Hodge algebra in the terminology of
DeConcini-Eisenbud-Procesi [1]) on H over R is an R algebra A with an injection ¢ : H—— A
such that
(ASL-1) The family {@(a) ¢(an) | i €H(1<i<n), ay<---<an} of the elements of A form
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a free basis of A as an R-module. (The elements of A of the form ¢(a1) - ¢(a,), where a;
€H(1<i<n) and @y, < Zay, are called the standard monomials.)
(ASL-2) If a, BEH are incomparable (a8 for short) and

¢(a)¢(lg)=27i¢(ril)"'¢(rin(i)) -
! 1
(07, €R, 74€H, 10S<Tmw)

is the unique expression for ¢(a)¢( 8 ) as a linear combination of distinct standard mono-
mials, then

ra<a, B

for any 4. (The relations (1) are called the straightening relations for A.)
If we put

B =RI[XJa€H/ (X Xs— Zir X, X, JarB)

where X4 are indeterminates, there is a natural R-algebra epimorphism B—— A sending the re-
sidue class of X, to ¢(a). DeConcini-Eisenbud-Procesi [1, Proposition 1.1] proved that if A=
@D.>0A, is a graded R-algebra such that A,=R and ¢(a) is a homogeneous element of positive
degree for each @€ H, then the natural map B—— A is an isomorphism, i. e., the straightening
relations (1) give a presentation of A.

On the other hand, Trung [2] constructed ASL’s whose straightening relations do not give
presentations. So it is known that the natural map B—— A is not an isomorphism in general.
But the poset in the examples of Trung [2] are rather bad and it is not even pure (i. e., there
are maximal chains of length 2 and 3).

In this note we modify the example of Trung and construct an example of an ASL on a dis-
tributive lattice whose straightening relations do not give a presentation.

Example 1. Let R be an arbitrary commutative ring and X, Y, U, V, T are indeterminates. We
put

A=RIX Y U V T1/(XY—-VY, UV—TUX, XYU)
=R[x, y u v t]

and

Then

* A is an ASL on H over R whose straightening relations are
TY=vy, uv=tux.

(¢ is the inclusion map.)
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e The natural map
B:=RIX Y UV T1/(XY-VY, UV-TUX) — A

is not an isomorphism.
The proof of the second assertion is easy : if the natural map B—— A is an isomorphism, we

have the following diagram

B/(X-V, T-1) = A/(z—v, t—1)
If If
RIX, Y, Ul R[X, Y, Ul/(XYU)

and the natural map R[X, Y, U]— R[X, Y, U]/(XYU) must be an isomorphism. Contradic-
tion.

The proof of the first assertion is similar to the example of Trung [2, Example 2.2], but we
give it for definiteness. First we prove the linear independence of the standard monomials. If the
standard monomials are linearly dependent, we have a relation

E (U(amnX" U Yo Y " U™ + (cunX "V "+ Ydma Y V™))
= (XY— VI f+(UV—UXT)g+XYUh

in R[X, Y, U, V, T] where amn, bmn, cmn, dmn € R[T] and f, g, h € R[X, Y, U, V, T]. If we

write
f=fi+Uf,, wherefi € RIX, Y, V, T],
then we have
m)'.;(c,,,,,X"’V"+Ydm,,Y"‘V”)=(XY— V. (2)

The right hand side of (2) contains a monomial which is a multiple of XY if f¥0. Since the left
hand side can not contain a monomial which is a multiple of XY, we see that f1=0, i. €., cn=dmn=0

for any m and #. Similarly, if we put
g=g1+Yg, where g € R[X, U V, T],

we see that § =Y¢: and amn,=0 for any m and n.

So we have
b Y"U=(X—V)fp,+(V—TX)g,+ Xh. (3)

Since the left hand side of (3) is contained in R[Y, U, T] and the right hand side of (3) is con-
tained in (X, V)R[X, Y, U, V, T], we see that the both sides of (3) are 0, i. e., bus=0 for any m
and n.

Next we prove that A is spanned by the standard monomials as an R-module. First we note
that
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ry=vy, uv=uxt, xyu=yuv=0

in A. It is enough to show that every monomial of elements of H of the form xyM and uvM,
where M is a monomial, is in the R-submodule of A spanned by the standard monomials.

xyM : If M is a multiple of # (considered in R[X, Y, U, V, T]), then xyM=0 since xyu=0. If
M is not a multiple of #, we can rewrite xyM to a monomial on y, v, and ¢ using the relations
y=v"y (n=1,2,...).

uvM : If M is a multiple of y, uvM=0 since yuv=0. If M is not a multiple of y, we can rewrite
uwvM to a monomial on x, u, and ¢ using the relations uv*=u(xt)” (n=1, 2, ...).

Using Example 1, we can construct an ASL on a distributive lattice whose straightening rela-
tions do not give a presentation.
Example 2. Let R be an arbitrary commutative ring and X, Y, U, V, T, Z, W are indetermin-
ates. We put

A=R[X, Y, U V, T Z WI/(XY~VY, UV—=TUX, XYU)

=Rz, y,u v t 2z w]

w

and

Since A is a polynomial ring over the ASL in Example 1, we see that

* A is an ASL on H over R whose straightening relations are
XYy=vy, uv=Ilux.

(¢ is the inclusion map.)

¢ The natural map
B:=R[X Y UVTZ W)/(XY—-VY, UV-TUX)— A
is not an isomorphism.
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