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Abstract: DeConcini-Eisembud-Procesi [1] proved that if A =ED位。Anis a graded ASL on a par. 

tially ordered set H over R = Ao， then the straightening relations give a presentation of A， i. e.， all the 

relations of the monomials on H are generated by the straightening relations. On the ot，er hand， Trung 
[2] constructed counterexamples of the problem above (i. e.， ASL's whose straightening relations do 

not give presentations) for general ASL's. But the partially ordered set of the example of Tru時 isnot 

so good. So in this note， we construct an example of an ASL on a distributive lattice whose straighten-

ing relations do not give a presentation 
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抄録 DeConcini-Eisen bud -Procesi [1]はA=ED位。Anが順序集合H上の次数付き ASLであれ

ば，その直列化関係式がAの表示を与える，すなわち，Hの単項式に関する関係式は，すべて直列

化関係式で生成されることを示した.一方Trung[2]は一般の ASLに関する上記の問題の反例(す

なわち，直列化関係式がその表示を与えないような ASLの例)を構成した. しかし， Trungの例の

順序集合は良い性質をあまり持っていない.そこで本論文では，分配束上の ASLで，直列化関係式

がその表示を与えないものの例を構成する.

索引語 ASL，Hodge代数，直列化関係式

Let R be a commutative ring and H be a finite partially ordered set (poset for short). An 

algebra with straightening law (ASL for short， ordinal Hodge algebra in the terminology of 

DeConcini-Eisenbud-Procesi [1]) on H over R is an R algebra A with an injectionゅ:Hー→A
such that 

(ASL -1) The family 1ゆ(α1)…ゆ(αn)IαjEH(1壬iSn)，α1孟…孟αnI of the elements of A form 
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a free basis of A as an R-module. (The elements of A of the formゆ(α1)…ゆ(αn)，'fhereαt 

EH(1 ~iふt) and αl~...~αn， are called the standard monomials.) 

(ASL-2) Ifα， sEH are incomparable (α〆sfor short) and 

ゆ(α)ゆ(s)=~rjゆ (ril) …ゆ(rin(j)) 
(1) 

(0キηεR，rjj EH， ril ~三…三三 T似j))

is the unique expression forゆ(α)ゆ(s ) as a linear combination of distinct standard mono-

mials， then 

rilくα，s

for any i. (The relations (1) are called the straightening relations for A.) 

If we put 

B: =R[Xα|αE HJ / (XaXp - ~jrjXrtl ... Xr倒的|α〆戸)

where Xαare indeterminates， there is a natural R-algebra epimorphism B一一→Asending the re-

sidue class of Xαtoゆ(α).DeConcini-Eisenbud-Procesi [1， Proposition 1.1] proved that if A = 

@位。Anis a graded R-algebra such that Ao=R andゆ(α)is a homogeneous element of positive 
degree for each αE H， then the natural map B一一→Ais an isomorphism， i. e.， the straightening 

relations (1) give a presentation of A 

On the other hand， Trung [2] constructed ASL's whose straightening relations do not give 

presentations. So it is known that the natural map Bー→A is not an isomorphism in general. 

But the poset in the examples of Trung [2] are rather bad and it is not even pure (i. e.， there 

are maximal chains of length 2 and 3). 

In this note we modify the example of Trung and construct an example of an ASL on a dis-

tributive lattice whose straightening relations do not give a presentation. 

Example 1. Let R be an arbitrary commutative ring and X， Y， U， V， T are indeterminates. We 

put 

and 

Then 

A=R[X， Y， U， V，η/(Xy-VY， UV-TUX， XYU) 

= R[x， y， u， v， t] 

X"'- .Ay 

H= 'U失/ツ'/J

• A is an ASL on H over R whose straightening relations are 

xy=vy， uv=tux. 

(ゆ isthe inclusion map.) 
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• The natural map 

B: =R[X， Y， U， V，η/(XY-VY， UV-TUX)一一→A

is not an isomorphism. 

The proof of the second assertion is easy : if the natural map Bーーー→Ais an isomorphism， we 

have the following diagram 

B/(X-V， T-l) ~ 

R[X， Y.切

A/(x-v， /-1) 

11 

R[X， Y. U]/(XYU) 

and the natural map R [x， Y， u]ー→R[x， Y， u] / (XYU) must be an isomorphism. Contradic-

tlon. 

The proof of the first assertion is similar to the example of Tru昭 [2，Example 2.2]， but we 

give it for definiteness. First we prove the linear independence of the standard monomials. If the 

standard monomials are linearly dependent， we have a relation 

J: (U(amnxmun+ Ybmnymun) + (CmnXmvn+ Ydmnymvn)) 
m，n 

= (XY-Vめ/+(UV-UXわg+XYUh

in R [x， Y， [λV， T] where αmn， bmn， Cmn， dmn E R [T] and λg， h E R[X， Y，ιV， TJ. If we 
write 

/=/1 + U/2， where /1 E R [X， Y. v，η， 

then we have 

J: (CmnXmvn+ Ydmnymvn) = (XY-VY>.ft. (2) 
m，n 

The right hand side of (2) contains a monomial which is a mu1tiple of XY if /tキO.Since the left 

hand side can not contain a monomial which is a multiple of XY， we see出at/t=O，i. e.， cmn=dmn=O 

for any m and n. Similarly， if we put 

g=g1+ Yg2， where glεR[X， u， v，η， 

we see that g = Yg 2 and αmn=O for any m and n 

So we have 

J: bmnymun= (X-V)β+(V-TX)g2+Xh. 
m，n 

(3) 

Since the left hand side of (3) is contained in R[Y， U， T] and the right hand side of (3) is con-

tained in (x， V)R[X， Y，ιV， TJ. we see that the both sides of (3) are 0， i. e.， bmn=O for any m 
and n 

Next we prove that A is spanned by the standard monomials as an R-module. First we note 

that 
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xy=vy， uv=uxt， xyu=yuv=O 

in A. It is enough to show that every monomial of elements of H of the form xyM and uvM， 

where M is a monomial， is in the R-submodule of A spanned by the standard monomials. 

xyM : If M is a mu1tiple of u (considered in R [x， Y，ιv， T])， then xyM=O since xyu=O. If 
M is not a multiple of u， we can rewrite xyM to a monomial on y， v， and t using the relations 

xny=♂υ(n=1，2，...) 

uvM: If M is a multiple of y， uvM=O since yuv=O. If M is not a multiple of y， we can rewrite 

uvM to a monomial on x， u， and t using the relations u♂=u(xt)n (η=1，2，.. .). 

Using Example 1， we can construct an ASL on a distributive lattice whose straightening rela-

tions do not give a presentation. 

Example 2. Let R be an arbitrary commutative ring and X， Y， U， V， T， Z， W are indetermin-

ates. We put 

A =R[X， Y， U， V， T，乙W]/(XY-VY，UVー TUX， XYU) 

=R[x， y， u，ν， t， ιω] 
111 

and 
x<. >Y 

xz 

H= u -: :-v 

Since A is a polynomial ring over the ASL in Example 1， we see that 

• A is an ASL on H over R whose straightening relations are 

xy=vy， uv=tux. 

(ゆ isthe inclusion map.) 

・Thenatural map 

B: =R[X， Y， U， V， T， Z， W]/(XY-VY， UV-TUX)一一→A

is not an isomorphism 
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