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Analysis of Pulse Modulated Control Systems (I)

Optimal Controls of Systems with Pulse Frequency Modulation

and with Combined Pulse Modulation

Shigemitsu O1
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1. Introduction

The study of systems with pulse frequency modulation (PFM) has been the subject of many
recent papers which were concerned either with general theory,$~12 the engineering applications
(attitude control of space vehicles,3~% etc.) or the applications in modeling of nervous system.1:2

Pulse frequency modulation may be divided into two broad classes in accordance with the
mechanism of pulse emission. One class of PFM is so-called discrete PFM (or PFM of the
first kind) in which the next pulse emission time is defined as the value of some nonlinear function
of the input signal at the instant of present pulse emission. The other class of PFM is so-called
dynamic PFM (or PFM of the second kind) where the pulse emission time is defined as the time
when the value of some function of the input signal reaches a certain level after the present pulse
emission. Among dynamic PFM’s integral PFM (IPFM) and neural PFM (NPFM) are most
extensively studied. The modulator of IPFM is defined as a device that emits a pulse whenever
the absolute value of the integral of its input reaches a level and then it resets the integrator.
In the NPFM modulator, the input signal is fed to a linear first order low pass filter and a pulse
is emitted whenever the absolute value of the output of the filter reaches a level.

As for combined pulse modulation with pulse frequency-pulse width modulation, discrete
PFM-PWM, IPFM-PWM and NPFM-PWM have also been proposed and discussed.13~1

In this paper, a new kind of pulse frequency modulation scheme referred to here as rate
sensitive neural PFM (R. S. NPFM)22:23 which is a generalization of NPFM and a combined
pulse modulation scheme with R. S. NPFM law and pulse width modulation law referred to
here as rate sensitive neural PEM-PWM (R. S. NPFM-PWM) are presented and discussed.
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The major part of this paper is concerned with the study of optimum control problems for
systems with R. S. NPFM and for systems with R. S. NPFM-PWM using nonlinear approxima-
tion approaches.242%

Examples with experimental verification to justify the use of the method are also presented.

2. Definition and Description of R.S. NPFM Modulator

Fig. 1 shows schematic diagram of the modulator of R. S. NPFM with rectangular pulse
output which is the actual form of the one of R. S. NPFM with impulse output22 presented
previously by the author.

GT —J,—[H(r—,f,)—H(f—r,-—w) lel +£
lel| J -~ ad e
e T2s+1 ] v o e e ’
o abs oot c —o ; , , ol
£ f \v=a E
i y (=)
reset [ ——-—4 MM
i allel + £)
] 0
L’ sgn(e) sgnle (t)]
sgn Memo f—
Fig. 2 Waveform 2(¢) in the R, S.
Fig. 1 Rate sensitive neural PFM NPFM to constant input

The modulator behaves as follows: Both the absolute value of input signal e of the modula-
tor and internal positive bias £ (which is smaller than threshold ) are applied to a linear element

with transfer function

—rastl o 1-a
Gals T rs+1 ot Ti5+1 } 1
G,:Tz/‘rl (<1)

where 7, and 7, are time constants.

At the instant when the output » of the linear element reaches threshold &, comparator C
acts so that monostable-multibibrator MM generates a unit area rectangular pulse (of pulse
width z and pulse height 1/w). The linear element is kept reset during the pulse emission.
(Reset time may be defined to be infinitesimal with slight changes in Eqgs. (3) and (5).). Thus,
the z-th pulse emission time #; is defined as

i=min [/ >tio1+w, v(f) >a] 2)
where

v()=a(e®)|+-£)++=* [’

i-1tw

exp(ZL) (el + ) )

The unit area rectangular pulse generated by the MM is so processed that the output pulse ¢
of the modulator has the same sign as the input signal at each pulse emission time #; (=1, 2,...).
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Thus,
o() =" sgn et} [ (t— 1) — H (t—ti—20)] @

where A(?) is the Heaviside unit step function.

If we set £=0 and 7,=0 in the modulator, we have a modulator equivalent to that of con-
ventional NPFM. The modulator, obtained from R. S. NPFM by setting 0<< £<@ and 7,=0,
referred to here as NPFM with bias, has such an significant advantage over NPFM that, by
virtue of bias £, the dead zone of the modulator can be made as small as desired without chang-
ing threshold value, or in other words, its threshold can be chosen large enough independently
of the dead zone so that the modulator gets much better noise immunity. Adding a small differ-
ential term 3 s to the linear element of the modulator of NPFM with bias, we have the one of
R. S. NPFM which has quicker transient characteristic than the former.

If the input to the modulator is constant, i.e. e=eo(=const.), it is easy to calculate the pulse
interval #o from Eqs. (2) and (3), hence, the number of pulse emitted per unit time, i.e. pulse
frequency, fo(eo) is

1 1

— e >A)
1 n oG E) | w (¢
fole)=; =1" Wt E— T, ®)
0, (leol<4)
where 4 is the dead zone of R. S. NPFM modulator,
d=a—F (6)
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Fig. 3 Static characteristics of number of emitted Fig. 4 Comparison of static characteristics of
pulses of R.S. NPFM per unit time to various NPFM’s

constant input
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while the dead zone of NPFM modulator 4=a.
The relation represented in Eq. (5) is plotted in

+5———

Fig. 3 on normalized scales, where dy=4/a= foput o;:
(a—F)|a is the normalized dead zone. As fo 5

is always smaller than 1/z, each solid line with

parameter w/r, approaches to the horizontal Outout 0

line 7,/ as [eo|/@ increases. The broken line :g—

with parameter 27, =0 indicates the character- — =
istic of R.S. NPFM with impulse output. output O
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bias and R.S. NPFM are shown in Fig. 4, to {1} Square wave input

see the differences clearly, in the case where the

output pulses of these NPFM’s are all impulses.

They are obtained from Eq. (5) setting z#=0 for
R.S. NPFM, w=0 and a=0 for NPFM with
bias and =0, a=0 and £=0 for NPFM. Output o
It will be noted in the figure that the character-
istic of NPFM with bias is parallel to that of
NPFM and the dead zone of NPFM with bias ™% 07
is reduced to 4y by the bias, which means that

-2
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] Fig. 5 Responses of R. S. NPFM, NPFM

It will be also noted that R. S. NPFM has with bias and NPFM to square wave

quicker response than NPEFM with bias. Re- and sinusoidal inputs

sponses of these NPFM’s and integrals of their

much smaller input signal than NPFM does.

outputs to rectangular and sinusoidal inputs are shown in Fig. 5.

3. Definition and Description of R.S. NPFM-PWM Modulator

Fig. 6 shows the schematic diagram of the a
modulator of R. S, NPFM-PWM whichis the e [ Folmmrr] v [ -
E +1
combined modulation scheme with R.S. NPFM A ms‘ e

law and ordinary pulse width modulation law.

The 7z-th pulse emission time #; of the

reset fa---4 MM
¥
1
!

combined modulator is decided similarly as in Y
R.S. NPFM, that is, # is the first time when PWM

v(?) is equal to or greater than threshold « after Fig. 6 Rate sensitive neural PFM-PWM
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the time #;—1+ 7w, where 7" denotes minimum pulse interval. Thus, # is defined as

ti=min [£: ¢ >li14+ 7w, v(¢) 2 a] @)

where

v =a(e()|+-£)+1=2 "

i-1

exp(T=E) (el +- £ ®

Ty

where 7,, 72: time constants (ra/7, =a<(1); a: threshold; £': positive bias (<a). Note that reset
time is defined to be infinitesimal. The pulse width w; of the 7-th pulse is defined to be propor-
tional to the magnitude of the input signal at #;, that is,

wi;=min [£le(?)|, wu] (9
where £ is a positive constant and s denotes maximum pulse width which must be not greater
than 7', i.e. wy <7 », to avoid overlapping of output pulses. Thus, the output of the modula-

tor is

a(O)=2 sgn [e(t)]A[H (¢ —2:)—H (t —ti—wy)] (10)

where % denotes pulse height.
If e=eo (=const.), the pulse interval Zo and the pulse width z¢ are given as
- 1n A—a)(eo )
fo=max [n In el E—a T,,,J 11

wo=min [Aleol, 2] (12)

If we choose 7", equal to the pulse interval of |eo|=ey in the case that ey is given, and if we

choose zy and £ to satisfy the following equation

i A=) (eu+ £)
Tmﬁ-flln—eFM_;—Eta

=wy=rkeu (13)

then, the product Fo(eo) of the number of output pulses per unit time 2o (==1/#0) and the pulse

area is given as

J’ 0, (leol <4)
— Po bt o— Akleo|
Fo(eo)=Po hrwo=( TAIT:(EUL)—G@;I£E5_’ (A<]ed<<em) (14)
! leo + £ —a
\ 4, (em<ledl)

where d=a— £ is the dead zone of the combined modulator, and Zo(eo) is considered to indicate
static characteristic of the combined modulator. Figs. 7 and 8 shows relations of Egs. (11) to
(14).

The combined pulse modulator has advantages of PFM and PWM which will be exhibited
especially in the case when the modulator is incorporated in a feedback control system (PFWM
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feedback system). Comparison of responses of PFM feedback system with R. S. NPFM (shown
in Fig. 9) and PFWM feedback system with R. S. NPFM-PWM (shown in Fig. 10) to step input
and to sinusoidal input are shown in Figs. 11 and 12, respectively, where the transfer function
of linear system is G'(s)==0.1/5s+1/(0.5541) and modulator parameters are 7, =1, a=1, £=0.9,
a=0.1; =200, exx=5 and £=0.01607. It is observed in Figs. 11 and 12 that PEFWM feedback
system follows up more rapidly to the system input than PFM feedback system does.
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4. Optimal Control of PFM systems

Optimum control problems of PFM system shown in Fig. 13 are considered here.

control PFM » G(s) —>

4N A1

Fig. 13 A PFM control system

The system is described as follows:

#(2) = A%(7)+bo(?), | (15)
2()=dTa(), (16)
o) =3} sgn [T EIH (¢—t)—H (¢—ti—2w)], a7
ti=min {7 : t>4ia+w, v(f) >a),

l—a [* T—1t } (18)
W=alm@I+ )+ [1 exp(T=E)(m(@) +-E)dr

where & is the n-dimensional state vector of the linear system whose transfer function is G(s),
A is n X n constant coefficient matrix, b and d are n-dimmensional constant vectors, z is system
output and » is control variable.

Unfortunately, to the author’s knowledge, there have been so far presented no mathemat-
ically exact method to solve optimum control problems for dynamic PFM system except in a
few limited cases.?® More precisely, although the pulse emission time #; is defined implicitly
as a function of #(f) by Eq. (18), the time # cannot be expressed explicitly to arbitrary #(z)
except z being constant, hence, the input-output relation of PFM modurator to arbitrary #(?)
cannot be determined analytically. Therefore, we are forced to use some approximation
approach for the the problem.

First, let us assume that the transfer function G(s) of the linear system be, as shown in Fig.
14,

Xo

q
ofo

Gi(s) p—o

Fig. 14 A controlled linear system G(s)
G©=S6:) (19)

where C is the gain constant of the integrator which behaves as a demodulator of pulse frequency
modulation and Gi(s) is a linear subsystem. In this case, output xo(#) of the integrator is

xo(f)=C /0 ' o(t)dt+0(0) (20)
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Second, assume that #(f) varies so slowly that it might be considered to be constant during
each pulse interval, that is, #(?) can be considered approximately to be constant in the time
ti1+w<s<¢i for each 7. Then, the output of the integrator can be approximated by, with
errors less than the gain constant C,

xo(8)~C A ’ sgn(m)-fo(m)dt +-2o(0) 20’ (2) (1)

where fo(#) 1s the static characteristic of R. S. NPFM and is

1 1

. - , >4

o (B (e B
So(m)= ||+ E—a T (22)

0, (m<4)

Fig. 15 shows relation of Eq. (21) in this case.
r— —
o(t)

control Ty () Mo G(s) -z—l->

c
xo(t) *

Fig. 15 Input-output relation of the

demodulating integrator of
the PFM

xg(t)

Fig. 16 Approximated nonlinear system

Now, define a nonlinear function by

S (m)=sgn(m):fo(m) (23)

which is considered to indicate an approximate input-output relation of the R. S. NPFM modula-
tor. Then, define a nonlinear control system, shown in Fig. 16, whose nonlinear element f(-)
has the characteristic of Eq. (23), as the approximated system to R. S. NPFM system shown
in Fig. 13. Now, we can obtain approximate optimum control strategies for R. S. NPFM
system, if we accept the optimum control strategies for the approximated system as the approx-
imate ones for the PFM system.

Optimum control problems of the approximated system can be solved precisely and easily
as follows. For f(s2) is a monotone single valued continuous function of m, mo(=f(m)) is deter-
mined uniquely by ». Thus, to determine optimum control signal #*(#) of the approximated
nonlinear system is equivalent to the determination of optimum control signal ¢*(¢) of the
linear system G(s) subject to the constraint |moe|<1/w, which will be done precisely and easily

with well-known methods.20,21)  Here, define another nonlinear function, shown in Fig. 17, as
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™ Mo

Fig. 17 m=1I-1(mo)

0, (mo=0)

S (omo), (moﬂso, lmo|<%> (29)

m=["1(my) :{
then, m0* corresponds to #* one-to-one. Thus, once »0* is obtained, we have »* directly.

Fig. 18 shows an example of the transient responses of the approximated system and R. S.
NPFM system to the optimum control signal #*(#) of the former calculated by analog computer.
In this example, G(s)=0.1/s+1/(25+1); a=1, £=0.9, 7, =1, a=0.1 and 2 =0.1; and xd'(2), z'(?)
denote the state variables of the approximated system. Three optimum control problems, (a)
minimum time, (b) minimum fuel and (c) minimum energy problems, are examined to determine
the control strategies such as to move the system from the initial state x¢(0)=1 and z(0)=1 to
the final state xo(Zs)=0 and 2(¢#s)=0 under the constraint |7|< M =4, minimizing the following
criterion functions, respectively:

@ =/
®) =) it
©  J= [ mr e ey

It will be observed from the figure that responses of R. S. NPFM system to the optimal controls
of the approximated system resemble closely to those of the approximated system. Examples
of the same problems for R. S. NPFM system, NPFM with bias system and NPFM system
are examined and shown in Figs. 19 to 21. The same problems as the above except the initial
state being xo(0)=1 and 2(0)=0 are examined and shown in Figs. 22 to 24. These examples
show the effectiveness of this approximation method.



90 S. O1
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Fig. 20 Transient responses of the approximated Fig. 21 Transient responses of the approximated
systems and PFM systems to ‘minimum systems and PFM systems to ‘minimum

fuel’ control signals. energy’ control signals,
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Fig. 24 Transient responses of the approximated systems and PFM systems to
‘minimum energy’ control signals,
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5. Optimal Control of R.S. NPFM-PWM system

The approximation method developed in the previous section is also applicable to optimum
control problems of R. S. NPFM-PWM control system shown in Fig. 25.

control f———a! PFWM =L G(s) —p

j [

Fig. 25 A PFWM control system

%()=Ax({)+bo(?) (24)
2()=dTx(?) (25)
c(t)=2;j sgn [m(t)A[H(t—2:)—H (¢ —ti—w:)) (26)
ti=min [t 24i1+ T m, v(¢) 2a] )

o) =allm@+E)+1=2 [ exp(T=E ) (m(r)+-B)dr } &0
wi=min [£|lm()), wu) (28)

where the notations are same as before.
First, assume that G(s) be

G(s)—%c:l(s) (30)
then, output xo(?) of the integrator is
t
xo()=C A o(2)dt-+-0(0) 31)

Second, assume that »(#) can be considered approximately to be constant during each
pulse interval. Then, the output of the integrator can be approximated by, with errors less
than the product of the gain constant of the integrator and one pulse area C-44|m|,

x0()=C A tsgn () Fo(m)dt+x0(0) 2o’ (2) (31)

where Fo(m) is

_ heklm|
Fo(m)——— ';7 ln (l_a)(limt_*_i)i > (A<Im!<eu) (32)
Y+ E—a
%, (eu<|ml)

Now, define a nonlinear function by
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£ (m)==sgn (m) Fo(m) (33)

and define a nonlinear system, shown in Fig. 26, as the approximated system of R. S. NPFM-

PWM system shown in Fig. 25. Next, define another nonlinear function as

control —» F{)

Fig. 26 Approximated nonlinear system

G(s) p—»

0, (m0=0)

(34)
FY(mo), (mox0, |mo|<4)

m:L‘l(mo):{

Once the optimal control me* of the linear system G'(s) under the constraint |mo| <4, we
have the optimal control #* of the approximated system directly which is the approximate one
of R. S. NPFM-PWM system.

Fig. 27 shows an example of the transient responses of the approximated system and
R.S. NPFM-PWM system to the minimum time controls of the former such that move the

system from the three different initial states to the final state xo(Zs)=0 and 2(Zs)=0 in minimum

+5

m*(t) O

xs(t) O

0.4 unit time/div

oA RO _005 1
G ()= =5~ a1 Ul = 5

0.4 unit time/div

Fig. 27 Transient responses of the approximated
system and PFWM system to ‘minimum
time’ control signals

Fig. 28 Transient responses of the approximated
system and PFWM system to ‘minimum
fuel’ control signals
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Fig. 29 Transient responses of the approximated system and PFWM system to
‘minimum energy’ control signals

time under the constraint |m|< M =4, respectively. In this example, =1, £=0.9, r;=1,
a=0.1; £2=200, ey=>5, #=0.0167. Figs. 28 and 29 show examples of minimum fuel and
minimum energy control problems, respectively, where parameters are same as above. It will
be observed that, in each case, response of PEWM system is similar to that of the approximated
system with error less than CA4|m|.

6. Conclusion

A pulse frequency modulation scheme R. S. NPFM which is a generalization of conven-
tional NPFM and a combined pulse frequency and width modulation scheme R. S. NPFM-
PWM are presented and discussed in detail.

Optimum control problems for the systems incorporating R. S. NPFM, NPFM with bias
and NPFM, respectively, are studied using the nonlinear functions which are the static charac-
teristics of their modulators. Examples of optimum control problems of practical importance,
(a) minimum time, (b) minimum fuel and (c) minimum energy problems, are examined with
the results that the approximate optimal control moves PFM system with the errors less than
C (i.e. Cx(one pulse area) ) in each case. It is needless to say that the method is applicable
to other optimal control problems not shown here. The approximation method is shown also
to be applicable to optimum control problems for R. S, NPFM-PWM system and similar results

are obtained.
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