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1. Introduction

Although systems with pulse frequency modulation (PFM) have such an wide range of

applications from attitude control of spacecraft to modeling of nervous system,1>2) many papers

were concerned with the area of stability problem and comparatively few with the area of self-

excited periodic oscillations and very few with the area of optimum control problems.

In the part (I) of this series of papers, a new kind of PFM referred to as R. S. NPFM

which is a generalization of conventional neural PFM and a combined pulse modulation referred

to as R. S. NPFM-PWM have been presented. Optimum control problems of practical

importance for R. S. NPFM system and for R. S. NPFM-PWM system have been studied.

In this paper, self-excited periodic oscillations in the feedback system with R. S. NPFM

and in the feedback system with R. S. NPFM-PWM are studied using specially developed

quasi-describing functions,10>11) respectively, since the conventional methods of analysis3" 8) are

not applicable to these systems. Examples with experimental verification are also presented.

2. Periodic Oscillations in a Feedback System with Pulse

Frequency Modulation

Let us consider the self-excited oscillations in the PFM feedback system shown in Fig. 1

incorporating R. S. NPFM.

2.1 Description of R.S. NPFM Modulator

The modulator of R. S. NPFM with rectangular pulse output is shown in Fig. 2 and is
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defined as follows :

Fig. 1 A feedback system with a pulse
frequency modulator.

Fig. 2 Rate sensitive neural PFM

a(/)-冒sgn [*(/,蝣)]去[H(/-/,-)-H(/-/,一秒)] （1）

A-mm [/: /≧/,-!+紗, v(t)^>d¥

v(f)-a(¥e(f)¥+E)+宝竪左exp ㌘)(KT)|+JfiyT
（2）

where e: modulator input; a: modulator output; Ti, t2: time constants (t包/rl-a<l); a:

threshold; E: positive bias (<ォ); w¥ pulse width. (For detailed description, see part (I) oi

this series.)

2.2 Analysis of Oscillations

Let us consider the oscillations in the feedback system shown in Fig. 1, for simplicity, in

the case that the linear system has the transfer function

o(s)-冒・輯缶吏　　　　　　　　　　　(3)

where C is the gam constant of the integrator that behaves as a demodulator of pulse frequency

modulation and F, K are system constants. The transfer function of second order system in

G(s) could be replaced by others as the occasion demands. The feedback system may fall into

a symmetric or asymmetric self-excited oscillation depending on the system parameters and on

the initial state.

2.2.1. Symmetric Oscillation (1)

When the system under consideration is in the state of periodic oscillation, the number 〟

of positive pulses emitted is equal to that of negative ones in a period T. For the wave form of

oscillation to be symmetric with respect to time axis, N must be even. Here, we assume the

oscillation to be sinusoidal as

e{f)-A sm (〟　　　　　　　　　　　　　　　　　　　　　　　　　　(4)

Since pulse emission time to the sinusoidal input cannot be expressed explicitly from Eq.
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Fi£. 3 Response of the PFM to an approximated
sinusoidal wave (1)

Fig. 4 Amplitude locus of -1JGqDi

(2),weapproximateinpute(t)byasquarewavee(/)shownbybrokenlineinFig.3.The

squarewaveisofheightA′andofwidth2π/3.SettingA′-(π!2√3)A,e′(/)isexpressedas

e'{t)-Asinwt--=-Asin5a>/+...
o

Forthelowpasscharacteristicofthelinearelementinthemodulator,higherharmonics

ofeit)willbeconsideredtoaffectlittletothebehaviorofthemodulator.Asstatedabove,

β′(i)isde丘nedinaperiodas

ォ'(/)-0　: O^/^r/12

e'(f)-A' : 7yi2</<5r/12

*'(/)-0　: 5:7712≦t≦7T12

e¥t)--A': 7T 12<t<llTl12

<?'(*)-0　: lir/12≦t≦T

（5）

In this case, the output α is, in one period,

a{t)--蓋去HH芸+T+(/-i)ro}]-H[/-{芸+丁+(i-1)TO+-)]]

一員去H /一芸+T+(/一-l)TO}]- -H[/-5f+r+(-)ro+ォ'}]] (6)

where T denotes the time lag of the first pulse and is obtained from (2), assuming v(Tj12)-

v(7T 12)-」, as

・--ln豊　　　　　　　　　　　(7)
and To denotes the interval of successive output pulses and is obtained from (2), setting ¥e ¥-A ,

aS
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70＝Tlln一隻肇誓） （8）

Whilethefundamentalcomponentgl（l）ofthe FourierseriesexpansionofU（l）is

・血ア0

al（′）＝窓・S等∴；音sin（叫叫十㌢釣＋筈））（9）
Thus，Wehavethequasi－describingfunctionGQDlaS

cQ・1＝窓孝・一等exp［j糾＋写玩朝（10）
WhereA＝（2√宮！π）A′．Theamplitudelocusof－1／GQDlisillustratedinFig・4，Withparameters

a＝1，E＝0．9，Tl＝1，a＝0・landu・＝0・1・Ifthelocusof－1／GQDlintersectswiththatofG（jw）

fbrthesamew，andifthelocusof－1／GQDICrOSSeSthepointofintersectionfromthesideoforigin

WithrespecttoG（jの）towardstheothersideasamplitudeAincreases，thentheself－eXCitedosci－

1lationexistsandis stable．AmplitudcA andangularfrequencywoftheoscillationandthe

numberNofpulsesperhalfperiodaredeterminedfromthepolnt・

2．2．2．SymmetricOscillation（2）

Weassumeagalnthatselflexictedoscillationisofsinusoidalwavcformandapproximate

thiswavetoatrapezoidalwavee′′（seethebrokenlineinFig．5）withheightA′．wealso

assumethatNpulsesaregeneratedbetweenTandZT2－T；Tisthetimelagofthe丘rstpulseand

isdeterminedbythefbllowlngequation：

Fi色・5　RcsponseofthePFMtoanapproximated

sinusoidalwave（2）

FiB．6　ResponseofthePFMtoanapproximated

Sinusoidalwave（3）

27＋（〝－1）ro＝772

者＝Tlln－（笠α）十秒
（11）

Inthiscasc，OutPutU（l）isgivenby
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・（′）＝蓋去抑qT＋（損）1▼0｝ト坤－｛丁＋（t－1）縮湘

一蓋去［H［弓昔＋丁＋（t－1）釣）］サーt吉＋丁＋（t－1）町紗）］］（12）

Thefundamentalcomponcntofql（l）isexpressedas

・の劭v・血ア0

α1（桓笠・号・芸をsinの′　　　（13）
Comparingo・1（l）withinpute（l），Wehavethequasi－describingfunction

2。Sin等　sin竿一
結納‥；コ・の言・．山王．
πA　一一一一宮　Sin等

（14）

WherctheamplitudeA ofinputisequaltotheamplitudeofthefundamentalcomponentof

trapezoidalwavee′′（l），hence，

Aニ8A′．coslwi（N－1）Tb＋W）／2］
π　　π一山（（JV－1）でも＋紗）

FromEq・（14），amPlitudelocusof－1／GQDzalwaysliesontherealaxis．Asstatedpreviously，

thepointofintersectionoflociof－1／GQD2andG（jくり）givcstheamplitudeA andangularfrequ－

encywoftheoscillationandthenumberNofpulsesperhalfperiod．Inthepresentcase，lt

isveryeasytocheckwhetherornotthesustained oscillations exist，fbrthelocusof－1／GQD2

1iesonlyontherealaxis．

2．2．3．AsymmetricOscillation

Anasymmetricoscillationofthefbllowlngfbrmisstudiedhere：

e（l）＝ao＋Asinwl （15）

Inthiscase，thenumberNofpulsesperhalfperiodmaybeevenorodd．

Weapproximateinpute（l）tothesquarewavee’（l）shownbythebrokenlineinFig．6．

Inthiscasc，e’（l）isexpressedinaperiodas

〆（t）＝ao　：0≦t≦7112

ε′（l）＝ao＋A′：7T12＜t＜5窄12

ど′（t）＝ao　：57T12≦t≦77112

β′（t）＝ao－A′：77T12＜t＜117ツ12

e′（t）＝ao　：117712≦t≦r

（16）

andoutput（7（l）is

α（t）＝蓋誹［弓荒＋丁＋（t－1）70）］サー（芸＋丁＋（損）釣＋可］］
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二相H［弓冨＋丁′＋（瑚可］サー（富＋丁′＋（t－1）者′函）］］（17）

Where，Tisthetimelagofthefirstpositivepulseaftere′hasbecomeequaltoao＋A′andT′is

thetimelagofthe丘rstnegativepulseaftere′hasbecomeequaltoaoqA′．TandT′areob－

tainedfromEq．（2）as

‥。小．n
1
1丁＋丁

－1－一誠一
′A

n
t
1

1丁＋
′

丁

（18）

andpulseintervalsofpositiveandnegativepulsesareglVen）reSPeCtively，by

腓l一．一．n
l
lT＋釣

70′＝Tlln笠舐竺）t
（19）

Thefundamentalcomponentofql（t）is

．（山u／

ql（l）＝‡・竺慧＝Jて前A画瓦禰－sin（wl－；・tan－1芸漂）（20）
2

where

l竺
2
＋釣

一
1
－
り
山

型＋Tlの

…．A｝、…・′－f、－…．ぺ…、‥・・1

1
A

l型
2与れ

1
一

考＋丁
′

l

l

■

l

、

の

…．小…、～′．Ijjπ、…・一・一

〇
山A

El＝AICOtU（丁＋葦玩＋芸）

E2＝A2COtや十等与0′＋芸）

（21）

Thus，Wehavethequasi－describingfunctionfbfthiscase，

・（〟Z〃

GoD8＝芸等巾禰年醐exp［j（一計tan－1慧漂）］
2

（22）

WhereA＝（2√富／π）A′．Asbebre，the asymmetricoscillationcanbe analyzedtoinspectthe

pointofintersectionoflociof－1／GQD3andG（iw）．Ontheotherhand，itisnecessarytoknow
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thevalueofaoLq）rlbrifortheplotof－1／GQD3．Consideringthatthevalueofaoisequalto

theaverageoftheoutputΧ0（l）oftheintegratorC／Sinthelinearsystem G（S），andthatΧ0（l）

VariesstepwiseandtakesitsvalueequaltothemultipleofC，ifweassumeT＝＝T′andTo二210′，

wehave

ao二C！2・n（n＝1，2，＿）　　　　　　　　　　　　　　　　　　　　　　　（23）

Further，ltisnecessaryfbrpulsenumberNtobeevenifnisevenandoddifnisodd・

Trapezoidalwaveapproximationisnotapplicablefbrtheanalysisofasymmetricocillation・

2・2・3・Examples

Examplesofself－eXCitedoscillationsintheftedbacksystemcalculatedbyanalogcomputer

areshowninFigs・7to9・Intheseexamples，SyStemParameterSareSameaSa＝1）E＝0・97

a＝0・1，T⊥＝2，ZeJ＝0．1；C＝0．1，F＝0．085andK＝0．465；Whiletheinitialstatesofthesystemare

di鮪rent・Fig・10showsthe reglOnSOfinitialstatesleadingtotheseself－eXCitedoscillations

Fig・7　4・pulsetypeself・eXCitedsymmetric

oscillation．

Fi色・8　2－Pulsetypeself－eXCitedasymmetric

oscillation．

Fi色・9　4－pulsetypeselfLeXCitedasymmetric

oscillation． Fl色．10　Regionsofinitialstatesleadingtovarious

typesofself－eXChitedperiodicoscillation．
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whichisdeterminedexperimentallybyanalogcomputer・Analysesoftheseoscillationsbythe

GQDmethods（aoisestimated丘omEq．（23））andthesolutionsobtainedfromEqs・（1）to（3）

bydigitalcomputerareshowninTablesland2・Tables3and4showtheresultsofoscillations

inthefbedbacksystemwithdiffbrentvaluesofparametersotherthanaIE）aandC・Itwillbe

observedfromthesetablesthatthedescribingfunctionmethodbasedonGDQlglVeSgOOdresults

whentheamplitudesofoscillationsaresmall・WhiletheGQD2methodgivesaconvenienttool

brtheanalysisofsymmetricoscillations・TheGQD，methodgives rather good results，While

thevalueofaoisestimatedfromEq．（23）．

Tablel SymmetricOscillationinFig．7．

G ・βl m eth od G QD 2 m ethod
F　 digi tal com pu ter

P u lse w idth 2ノⅤ A （d A （山 A （lJ

0．1 4 0．765 0．695 0．791 0．68 2 0．836 0．689

Table2　AsymmetricOscillationsinFigs・8and9・

a Oか8 m ethod digi tal com p uter

P u lse w id th 2JV A （〟 ao A （d ao

0．1
2 0．327 0．729 0．05 0．3 93 0．714 0．04 91

4 0．726 0．697 0．1 0．830 0．688 0．0983

Table3　SymmetricOscillations・

G Q D l m eth o d G Q D 2 m e th o d d igi ta l c o m p u te r

P u lse w id th 2 」Ⅴ A くり A （lI A くけ

0．1

4 0．5 5 1．0 0 ．6 1 0 ．9 8 0．5 7 9 0．9 9 4

8 1．5 1 1．0 1．4 8 0 ．9 9 1．4 8 5 1．0 3 9

1 2 2．5 3 1．0 2 ．3 4 1 ．0 2 ．4 3 4 1．0 0 1

1 6 3．6 4 1．0 3 ．3 6 1 ．0 3 ．4 3 7 1．0 0 4

0 ．5

4 0．3 2 0．5 0．3 5 0 ．4 8 0 ．3 1 7 0．5 0 3

8 1．0 7 0．5 1．0 5 0 ．5 1 ．0 13 0．5 0 6

1 2 0．9 0 0．3 0．7 1 0 ．3 0 ．8 3 7 0．3 0 6

1．0

4 0．2 6 0．3 0．2 8 0．28 0 ．2 5 6 0 ．3 0 2

8 0．3 8 0．2 0．3 5 0．19 0 ．3 58 0 ．2 0 5

1 2 0 ．8 0 0．2 0．6 5 0．2 0 ．7 2 8 0 ．2 0 6
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Table4　AsymmetriCOscillations．

G Q D 3 m eth o d d igi tal c o m p u ter

P u lse w id th 2〝 A （山 a o A （d a o

0．1

i

2 0．4 ［ 1．0 0 ．05 0．55 4 0．97 1 0 ．04 9 5

4 1．2 トー　 1．－ 0 ．1 1．33 2 0．9 94 0 ．09 9 8

6 l 2．0 1．0 0 ．05 2．08 0 0．994 0．04 9 2

・ 8 1．35 0．5 0 ．1 1．33 9 0．498 0 ．09 7 8

1 0 1．8 1 0 ・5 0 ．05 1．75 0 0．5 0 0 0 ．04 9 4

。．5 】

［

l

2 0．25 0．5 0 ．05 0．28 2 0．49 1 0．04 7 6

4 0．7 0．5 0 ．1 0．71 9 0．49 9 0．09 9 8

6 1．5 0．5 0 ．05 1．38 2 0．504 0．05 1 1

8 1．45 1　 0．4

l

0 ．1 1．42 1 0．40 0 0．09 7 1

1．0

l

2 0．3 2 0．5 0 ．05 0．34 7 0．49 5 0．04 8 7

4 1．0 0 ．5 0 ．1 1．00 8 0．50 1 0．09 9 5

6 1．6 0．4 0 ．05 1．47 2 0．404 0 ．05 10

3・Periodic Oscillationsin a Feedback Systemwith

Combined Pulse Modulation

Lctusconsidertheself－eXCitedoscillationsinthefbedbacksystcmshovminFig・llin－

COrpOratlngR．S．NPFM－PWM．

Fi色・ll A ftedback system witha pulse

frequency－Pulsewidthmodulator．

Flg．12　RatesensitiveneuralPFM－PWM．

3．1DescriptionofR．S．NPFM－PWMModulator

ThemodulatorofR・S・NPFM－PWMisshowninFig．12andisde丘nedasfbllows：

π（l）＝∑sgnレ（句］l［H（t－li）－H（トii一秒i）］
▲

（24）

ii＝min［t：≧Ll＋ア桝，v（l）≧a］

v（l）＝a（Ie（li）l＋E）＋呈／：＿．eXP（㌘）（le（T）l＋E）d｝
（25）
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糾＝min［lIe（研，紗〟］　　　　　　　　　　　　　　　　　　　　　　（26）

wheree：mOdulator’input”：mOdulatoroutput；Tl，T2：timeconstants（T2／Tl＝a＜1）；a：

threshold；E：POSitivebias（＜a）；h：Pulseheight；T桝：minimumpulseinterval；WM：maXi一

mumPulsewidth（≦T桝）andA：POSitiveconstant・

（Fordetaileddescription，SeePart（I）ofthisseries・）

3・2AnalysisofOscillations

LetusconsidertheoscillationsinthefeedbacksystemshowninFig．11，inthecasethat

thetransfbrfunctionofthelinearsystemis

G（S）＝隻Gl（S）

WhereCisthegainconstantoftheintegratorandGl（S）isalinearsubsystem．

For the symmetric self－eXCited oscillationin the feedback system，the square wave ap－

PrOXimationshowninFig．13holdsasdevelopedin2・2・1．，ifwereplacel／zeJWithAandzeJWith

hA′・Thus，Wehavethequasi～describingfunction

Flg．13　ResponseofthePFWMtoan

approximatedsinusoidalwave（1）

・血7も

GQDl＝芸sin笠竿exp［jt；TW（T＋牢To・；））］（28）
where

A＝警A′，　　　丁＝Tlln羞鑑，

釣＝丁諒等書き碧，紗＝lA′

Asstatedbefore，thepointofintersectionoflociof－1／GQDlandG（jw）givestheamplitude

AandangularfrequencywoftheoscillationandpulsenumberNperhalfperiod・

Examplesofself－eXCitedoscillationsinthefbedbacksystemcalculatedbyanalogcomputer

areshowninFigs．14and15・Intheseexamples，a＝1，E＝0・9，Tl＝1，a＝0・05，T桝＝WM＝
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F蝮．14　4－pulsetypeself・eXCitedoscillation． Fl象・15　6・Pulsetypeself－eXCitedoscillation．

Table5　SymmetricOscillation．

G（S）＝‡嵩・）
G Q D l m e t h o d a n a l o g c o m p u t e r

2 J V A （▲I A の

2

0 ． 1 5 1 0 ．2 3 0 ．8 4

0 ． 1 6 1 0 ．2 4 1 ．1 4

0 ． 2 2 1 0 ．5 6 0 ．9 0

4

0 ． 3 5 1 0 ．4 5 0 ．9 2

0 ． 3 8 1 0 ． 4 8 0 ．9 4

0 ． 7 1 1 0 ・ 6 6 】 0 ．7 6

6

0 ． 6 7 1 1 ． 0 5 0 ．8 9

0 ． 6 6 1 1 ． 0 0 0 ． 9 5

0 ． 7 4 1 1 ． 1 0 0 ． 9 9

Table6　SymmetricOscillation・

（C（S）＝㌔講読）
a q β l m e t h o d a n a lo g c o m p u t e r

2 J V A の A の

4

0 ．5 0 1 0 ．5 0 1 ．0 5

0 ．5 8 1 0 ．5 5 1 ．0 8

1 ．0 8 1 1 ．1 7 1 ．0 7

1 ．2 8 1 1 ．2 1 1 ．0 8

6
0 ．9 0 1 0 ．8 5 1 ．0 5

1 ．0 2 1 0 ．9 2 1 ．0 7

0・245，A＝0・0815，A＝5andG（S）＝2／S・45／（23・3S＋1）inFig・14，G（S）＝1・9！S・0・846！（S2＋0・714S＋

0・846）inFig・15・Table5and6showthe resultsofanalysisof oscillationsin the fbedback

SyStemWithdi鮪rentparameterswhereG（S）＝C／S・Kl／（TIS＋1）andG（S）＝C／S・K2！（S2＋FS＋K）・

ResultsbyGQDlmethodinTable5arenotsogoodasthoseinTable6forthereasonthatwave－

fbrmsofoscillationsinTable6canbeconsideredtobesinusoidalwhilethoseinTable5cannot，

asisseeninFigs．14and15．

The trapezoidal wave approximationis not applicable to the combined modulator・

Furthermore，GQD，methodisnotapplicabletothemodulator，foraocannotbeestimatedfbr

this case．
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4. Conclusion

Self-excited oscillations in R. S. NPFM feedback systems and in R. S. NPFM-PWM

feedback systems are analyzed using specially denned three kinds of quasi-describing function

methods for the former and one for the latter. The methods will be shown to be applicable to

NPFM feedback systems.

Examples with their experimental verification are introduced which clarify justification

of the use and importance of the quasi-describing function methods.
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