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Yang [1] determined two entire functions of hyper order less than 1 which together with
their first derivatives have the same zeros with the same multiplicities. Following his argu-

ment, we shall generalize his result.

Theorem Let f(2) and g(2) be non-constant entire functions and lel g(2) have at most
simple zeros. Further we assume that o(z), B(z) and £(z) are non-consiani entive functions

of order less than 1. Then there exist entirve solutions f(z) and g(z) (as above) satisfying

1 fr g; =¢*(@) and (2) f;—:g; =£(2)ef @

if and only tf B(z)—a(z)=c" and thal, when we put c=e, either c&'(z)—a'(3) =constant and
c(2)—1 has only simple seros, or there exists an entive function 7(z) %50 with al most simple

zervos such that

7'(2) __c§(z)a(3)
n(z)  cé(z)—1

Is an entire function.
(Proof> Assume that non-constant entire functions / and g, where g has at most simple
zeros, satisfy the relations (1) and (2). Then we have
F (&)= (@) -+ ()g()es D —£(:)g (2)er®
Hence we have
B) O EEDED ) =a/(5)g(2)e ),

By the assumption that g(z) has only simple zcros, g and g’ have no common zcros. Hence the

the set of the zcros of g'(z) are contained to the set of the zeros of a’(z). Thus we have

(4) o' (5)=g"(8)A(2)
for some entire function 4(z). Substituting this in (3), we have
®) 2(z) h(z)=£(z) PO @) 1

Differentiating this and using (4), wo ebtain
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(6) 8@ (2)=1{€'(2) +£(2)(B'(2) —a'(2))} #D =2 —a'(2).
From (5), (4) and (6), we deduce
g @) (2) ({(2)e? @) —1} =" (2) /' () g(2) 1(2) =g (2) A (2)a’ (2)
=a(2) [{£'(2) +£(2)(B'(2) —a(2))} £ @) =*) —a/(3)]
Hence we have

 ere- Tl )

Multiplying £(z) to both side of (7), we have

(71) g(z) g/(z) /z’(z) _ Uv'({z) [ {f’(z) +§(z) (ﬁ;g);g;('z?()z}) i(i)e-a (Z)—a(?) —f(z)a'(z)]

Here the left hand side of (7’) is an entire function, whence the right hand side of (7’) must be
also an entire function. Assume here that B(z)—a(z)*constant. Then it can occur only
when a'(2)=0 or

®) £'(2)+£(2)(B'(2) —a'(2)) —£(2)a’(2) =0,

since the zeros of £(z) e#(®—2( —1 have the exponent of convergence not less than 1, and a,
B and ¢ are of order less than 1. Because of (3), a’(z) =0 implies that g(z) is constant, which

contradicts to the assumption that g is not constant. But the relation (8) implies

© fg((z)) —24/(5)—B(2).

Now the right hand side of (9) is an entire function, while the left hand side of it has poles, since
£(2) has zeros. (£(2) is a non-constant entire function of order less than 1.) This leads to a con-
tradiction. Thus we have proved B(z) —a(z) =const.=¢’. Put ¢=e*’. Then from (5), we have
(10) §(2)h(z)=ct(2)—1,
and from (6),
(11) g (2)=c€'(2) —a'(2).
From (10) and (11), we have

K (g) €' (2)—a'(5)
S e

If ¢£'(2)=0a'(z), we have by (11) A(z) =constant=A %0, whence by (10) g(z)=A"(cf(z)—1).
Thus ¢é(z)—1 has only simple zeros.
If ¢£' =a/, then from (10) and (12), we have

(13) (8)A(2) = (c€(z) — 1)ex@+1(2)
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(14) (D) () =(cE () —a/(2))en(@)+7@)

for some entire functions 7(2)=0 with at most simple zeros and y(z). Differentiating (13),

#(z) = [ {c€'(2)+(c€(2) — D(a'(2) +¥ (2} (2) —n' (5)(cé(z) — D) Je=@)+7(2)
(n(2)?

Hence

(&) (2)=[ (€ () +(ct(5) — 1)@ (&) -+ ()} — ’,’7'(%2 (cb(@)—D)]ex@+1@

Noting (14), we deduce

o) e
W YEO=46 T k@1

which is necessarily entire, since y(z) is entire.
Conversely, assume that ¢£'(z) =a’(z) and ¢£(2) —1 has only simple zeros. Then by (11) we
have /(z)=constant=A0. Noting (10), the functions

F@)=A(ctE@)—1) @ and g(z)=A(ck(z)—1)

satisfy the relations (1) and (2).

Next we assume that there exists an entire function y(z) satisfying the relation (15), where
7(z) is an entire function with at most simple zeros. Then it is reasonable to set, from (10) and
(13),

FH=n(e7® and g(s)=n()e-@=r@
Then f and g satisfy the relations (1) and (2). In fact, as
S (@D)=00"(2)—n(2)y'(2))e7"? and g'(s)= {'(2) —n(2)(a'(2)-+y'(2))} e =@ ~7),

using (15), we have

{g'{/,(('zz)) =c£(2)e*® =£(5)ef @),

which is to be proved.
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