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Yang[1]determinedtwoentirefunctionsofhyperorderlessthan1whichtogetherwith

theirfirstderivativeshavethesamezeroswiththesamemultiplicities.Followinghisargu-

ment,weshallgenerと1hzchisresult.

TheoremLetf(z)andg{z)δenanィθnstante′'litrefunctiθ′'isandletg{z)haveatmost

simplezeros.Furtherweassumethata(z),β(z)andi(z)arenon-{θnstantentirefunrtions

ofθrderlesstha′i1.Thenthereexistentiresolutionsf¥ε)andgiz)(asabove)satisfying

(1)トノα(s)and(2)ffl-ォ*β(a,

ifand〝nlyifβ(I)-a(z)…candthat,whenz〃eputc-ec',eitherci′(a)-a′(I)…√θnstantand

ti(s)-1hasonlysimplezeros,orthereexistsanentirefunctionη(I)≠Owithatmostsimple

zerθi"suchthat

rj'(z)

V(z)二l

i・t(*)α′(E)

zlsanentirefunc/Zθ〟.

くProof)Assumethatnon-constantentirefunctionsfandg,whereghasatmostsimple

zeros,satisfytherelations(1)and(2).Thenwehave

f′(*)-g′(s)tfォ<z>-′{z)g{z)eaU)-i(*)g′(*y<*>

Hencewehave

(3)′(*)i(zyw-ea(*>}-a′(z)g(z)eォ(z)

Bytheassumptionthatg(z)hasonlysimplezeros,gandg′havenocommonzeros.Hencethe

thesetofthezerosofg'{z)arecontainedtothesetofthezerosofα′(z).Thuswehave

(4)α′(*)-g′(z)h(z)

forsomeentirefunctionh(z).Substitutingthisin(3),wehave

(5)g(z)*(*)-t{z)eβ(z)-ォ(z)-l

Differentiatingthisandusing(4),woebtain
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(6)　　g{z)h′(*)=　t′(*)+i(*)(β′(*)-a′(*))} 'β(Zトォ(z -α′(*).

From (5), (4) and (6), we deduce

g′(z)h′(*) t{z)eβ(ォ)-ォ<ォ) - !} -g′(z)h′{z)g(z)h(z) -g{z)h′(*)a′(I)

-a′(*) [ {t′(*) +t蝣(*)(β′(*) -α′(*))}ォβ(Z卜"(2) -α′(*)]

Hence we have

(7)　　　′(*) *'(*)-
a′(*)[ {ξ′(*)- ξ(ォ)(β′(I)-a′{z))W(zトォ(Z)-　′(*)]

t(z)eβ<z)-ォ<ォ) - l

Multiplying i(z) to both side of (7), we have

(7′)　　t{z)g¥z) h′(*) -

a′(*) [ {*'(軍) +ξ(*)08'(早)T竺'(.軍蝣))} *(*)里聖二Hz) -i(I)α′(*)]

t(zy<2卜a(之) - 1

Here the left hand side of (7′) is an entire function, whence the right hand side of (7′) must be

also an entire function. Assume here that β(z)-a(z)≠constant. Then it can occur only

when a(z)=O or

(8)　　t′(*) +i(*)(β′(ォ) -α′(*)) -i(*)a′(I) ≡ 0,

since the zeros of i{z) eβ(z)-ォ(z)-i have the exponent of convergence not less than 1, and α,

β and i are of order less than 1. Because of (3), a′(Z)=O implies thatg(z) is constant, which

contradicts to the assumption that g is not constant. But the relation (8) implies

(9)　　　　　=2a′(Zトβ′(*)蝣

Now the right hand side of (9) is an entire function, while the left hand side of it has poles, since

i(z) has zeros. (i(z) is a non-constant entire function of order less than 1.) This leads to a con-

tradiction. Thuswehaveprovedβ(I)-a{z)=const.: √′　Put c-ec′　Thenfrom(5), wehave

(10)　　g(z)h(z) -σξ(*) - l,

and from (6),

(ll)　　g{z)h′(z) -ri′(z) -a'(*).

From (10) and (ll), we have

(12)
*!(?1 - <JM二憂k)

k(z)　　ξ(*) -1

If ti′(a)=a′(z), we have by (ll) h{z)…constant-^4≠0, whence by (10) g(z)-A-1(ri(Z)-1).

Thus ci(z)-1 has only simple zeros.

Ir √t′≠α′　then from (10) and (12), we have

(13)　　η(*)*(*) -('t(z) - 1)ea<ォ)+γ(a)
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(14)η(z)h′(?)-(ti′(*)-a′(*))*"<*>+γ(a)

forsomeentirefunctionsη(Z)圭Owithatmostsimplezerosandγ(z).Differentiating(13),

・′w-iw堪±(*」(*)-1)(a'.望欝(*)-V(*)(tf(ォ)「l)-]ef{z)+γ`Z'

Hence

η{z)h′(*)-[{'t′(*)+(--1)(o′(*)-γ′(*))}rj'(Z)

V(b)Hit(Eト1)1」ォ(z)+r(z)

Noting(14),wededuce

(15)γ′(*)cf(z)-l

whichisnecessarilyentire,sinceγ(z)isentire.

Conversely,assumethatti′(I)=a′(z)andci(z)-1hasonlysimplezeros.Thenby(ll)we

haveh{z)=constant-A≠0.Noting(10),thefunctions

A*)-A{√t(s)-1)e"(之)andg{z)-A{ti(a)-1)

satisfytherelations(1)and(2).

Nextweassumethatthereexistsanentirefunctionγ(z)satisfyingtherelation(15),where

η(z)isanentirefunctionwithatmostsimplezeros.Thenitisreasonabletoset,from(10)and

(13),

/(*)-η(z)e-γ<z>andg(z)-η(z)e~ォ(z)-γ(I)

Thenfandgsatisfytherelations(1)and(2).Infact,as

f′(*)-(η′(*)-η(Z)γ′(*))'-γ<2>andg′(*)-{η′(*)-η(z)(a′(ォ)+γ′(z)))e-W-γ(*)

using(15),wehave

ξ(E)--i(z)eβ(2)

whichistobeproved.
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