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1. Let f(s) be regular near z=0, and denote by 7, the absolute value of the zero z, of
S ™(2) which is nearest to the origin. Here f®)(z) is the n-th derivative of f(z). Then one of
the results of Erdos and Rényi ([2] p. 140) is the following;

Theorem A. Let f(2) be an entire function and M (r):zzlzgcl S@). Then by denoting

x=H(y) the inverse function of y=Ilog M(x), we have

m ) €
(1) f,’,’i% nry = log?2
We shall give a slight generalization of this result. Denote by p, the radius of univalence
of fM(2). That is, ps is the supremum of » such that for [z| <, #(®)(z) is univalent. Then
our assertion is as follows;

Theorem Let f(2) be an entire funciion of finite lower order N and M (r):flnlax| f(2)].
zl=r

Then denoting by x=H (y) the inverse function of y=Ilog M (x), we have

1
(2) lim A =
wves MP1-1 T p0 D

Here lower order A is defined by A=/Zim <Mﬁ
Taoo logr
shall follow the method of Erdos and Rényi and use, in addition, the strong lemma due to Shah
and Trimble.

) . For the proof of our result, we

Let denote by u(#) the maximum term of f(z) :ki-j‘i)aka for | z] =7 and by v(7) its central
index:

wlr)y=max|ax| %, v =max{n; p(r)=|an|"}
z
Lemma 1. ([6]) Zf f(2) is an entire function of lower ovder A, then

. v(7)
D e =

Lemma 2. ((7]) LZLet f (z):,:éoakz" be an entive function and v(») its central index. For

n=1, 2,..., let xn=n(1—2"12%2),  Then for »=Zry, we have
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(4) 7. x((”) =D <(v(»)—1)-p(v(r)—1)
2. Proof of Theorem. We may assume [f(0)|=1. In this case (see for example [8]
p. 31) we have
Tu(Z
(5)  dgutn=[ Dar

It follows from ( 5) that if ¢>1, taking into account that v(Z) is non- decreasing, we have
cr y( l)
(6) Zog,u(cr)—/og,u.(r)z/ Tdtgv(r) log ¢
r
By the assumption that /() is an entire function of finite lower order A, we have by lemma 1,
(7) lim =20 <

Thus for any €0, there can be found a sequence »,(z=1, 2, ...) for which 7r,— o0 and v(ry)
=(A+e) Jog u(rn). Applying (6) for »=ry, we obtain

(8) v(7n) ([(Jg -+ V)\“—l}'——e > < log plera)

1
Choosing ¢==el~*_ it follows that
1 1
(9) v(rp) Slog i(rpel=*+)<log M (rpel=+*)

Hence we have
1
(10) H (v(rn)) Srpel=
Now apply lemma 2 to (10) as »==r, (z=#y), then we have
1
H(u(ry) e1-ive

D ) el =1) = X —D)

Taking into account y(#)—/Jog 2 as n—o°, we obtain

1
2P e
(12) {fzznp(n—l)= log 2

As (12) is valid for any >0, the assertion of theorem is proved.

Corollary Under the same assumption of theorem, we have

1
) e
3 Am = g2
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