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1. Introduction

In earlier notes 〔3〕 by an application of the Hadamard singularity criterion we

obtained the following theorems.

Theorem 1. Suppose that the series ^cnzn has radius of convergence 1. For sui-

table positive numbers δ′,δ (δ′>π左δ>o) and a real number p, if Recn≧-δnp and

there exists an infinite subsequence {nk} such that ReCnk≧δ′nkp+1, then z=1 is a

singular point of the function defined by the series　∑cnzn.

Theorem 2. Suppose that the series　∑cnzn has radius of convergence 1, and let {nk}

be an increasing sequence of positive integers such that nk+1-nk≧αrik for k-Q, 1,

2, -- where α>0. For suitable positive numbers δ′,δ(δ′>π与δ>O)and a real num-

berp,if|cnk　≧δ′mp+与　and cnl≦δnp　for　n圭nk k-0, 1, 2,--　then the unit cir-

cle is a natural boundary of the function defined by the series ^cnzn.

The purpose of the present paper is to prove the following results.

If in these theorems {n*} contains an infinite number of multiples of s (a positive

integer), we can replace the condition δ′>π^>O with the condition δ′>(盈-)子δ>o
Theorem 1. Theorem 2. are obtained as special cases 5-1.

For the proofs of the theorems we need several Lemmas. In this paper we may

put
1

n /盈lk-cn　φn(h,c)

2. Lemmas

Lemma 1. 〔5〕 Suppose that the series　∑cnzn has radius of convergence 1. A ne-

cessary and sufficient condition that z-1 be a singular point of the function

defined by the series ^cnzn is that

(1)　　lim sup φn(h,c)-l+h
n→∞

for some　n>O

Lemma 2. Suppose that the series Jcnzn has radius of convergence 1. A necessary

and sufficient condition that　|z|=1 be a natural boundary of the function de-

fined by the series ∑cnzn is that
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(2)　　lim sup　φn(he'θ,c) -l+h
ォー>oc

for each　θ (0≦θ<2π)

Proof. Replacing z of /(z) by eloz, z-e*o is a singular point if and only if

(3)　　lim sup φH(hei9,c)-l+h
n--＼、

Lemma 3. If the series　∑cnzn has radius of convergence 1,

(4)　lim sup φn(he{θ, C)≦1+h
n-→>O

for each　θ(0≦θ<2π).

Lemma 4. When s is an arbitrary positive integer and n is sufficiently large, there

exists r (<1) which the following inequalities hold for O<0<s~'.

(5) (s+l)n

c(l+fl)sn〕)S〔(舶<t"(5+1)

16) (。(5+1)n

(l-d)sn〕C(l-0)sn〕Oサ(5+1)(S+I)M

where〔〕istheGaussiansymbolandrisindependentonn

λProof.ByStirling'sformulan!-(2π)与n+i-n+n2e云サ(0<λ<1)

(7) /(5+1)n

¥((l+。)sn〕)S〔`l+θ'sn〕(1+0)s
<n{{1+0)(1-θ(I-OS)-n(S+I>サ

S)}(S+1)
since (1+θy¥+9)s q-θS)(卜os)> 1, the inequality (5) holds. By similar discussion,

we have (6).

Lemma 5. When p is an arbitrary real number and n is sufficiently large, we have

the following inequality for an arbitrary number A (>1).

(s+lin

(8) E
m=0

Ks+l)n¥mmp<A(sny(5+1)

¥yYl/
Proof. From Lemma 4-

(i) When 」>0, For a number θ such that o<θ<(4㌢ )*-l.
〔(トθ)sn〕

(9) .ど
Tu¥← I
((1~w?w) sm -p<rn (5+1) (ォ+!)サ〔(トθ)sn〕p (〔(トO)sn〕用

<r,ォ(s+l)<s+1>ォ(0<r<r,<l),

where r, r are independent on n.

By similar discussion
(S+i)rt

(10) E
LCl+サ)Sサ3 ((S霊)n) smmp<r2n(s+l)iS^)n ,
where r2 (<1) is independent on n
l(¥+9)sm-¥

(ll) E
m-θ) sn〕+I

xs+D

mm#<^>'*-'/(5+l)ォN

ui-fl)sサHl¥m侶1+θ)sn〕-1,p<(1+のi>spnp(s+ l) {S+l)n
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From (9) + (10) + (ll)

Cs+1)サ

(12) 」

m=0 ( m )sm mp < i(?"+r2n) s-Pn-* + (1+のp}spnt> (s+l)(S+l>*

<A(sny(s+l)(s+i)n,
A-I

becausewemaytakensuchthat(r*+r2n)s-prrp<C

(ii)Whenp<S>,bysimilardiscussionin(i),foranumberθsuchthat

o<θ<ト(読-)辛

・13)蓋θ'sn〕 (5+i) n)s- ^<r3w(5+l)(4'+"ォ

・14)芝:sn〕 ^S+m>n) sm ^p<r"(s+l)iS+[)n
〔(1+θ)sサ]-1

(!・>) Z

L(卜θ)sn〕+1

f(s+l) n sm m/サ<(l-θys%*(s+l) <s+1)W

From (13) +(14)+ (15)

(s+l)n

(16) ,ど
JM= O ((S霊) n) S桝mp<A(sn)Ks+l) [snl"

(iii)Whenp-0itisevident,q.e.d.

Lemma6.Foranarbitrarypositivenumberεandsufficientlylargen
(17)vsn)εs+1
2k芸(sn)-去(5+1)叫,n
Proof.Again,byStirling'sformulaitisevident.

3-AnoteonPringsheimstheorem

Theorem3.SupposethattheseriesECnznhasradiusofconvergence1.Forsui-

table a real number p,a positive integer 5 and positive numbers δ′,δ (δ′> (品)一芸
δ>0), if Re cn≧-δnp and there exists an infinite subsequence {ォ*}*=。,i,2...…,

nk…O(mod 5).such that Re cnk≧δ′nkp寸を　then z-l is a singular point of the func-

tion defined by the series 2^cnzn.

Proof. Putting Recn-α it is clear that 」αnzn has radius of convergence 1. For

flk-SNk

(S+l)JfS

(18) Z,
∫拍=0

cs+霊*jS-α-≧(5+1)Nk

sNkα,+y*(^霊)Nkα-,

where the sign * means that we drop non-negative terms.

For sufficiently large k, by Lemma 5-　and putting

(潔-)吉δ′-δ-3β>0,5+2/3
A-8+B->l'

(S-H)Jxk

(19)　|2*
m=0

(5+1)JT*

mα桝<-s恵,2βs-(s+l){S+i)Nk

ByLemma6. andputting　ε-蕊
(i(S+1)Nk

sNk
)
SSサkαnh>

δ(δ+3β_)

δ+β
sW(s+l) (s+l>**

From (18), (19) and (20)
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m=o(5+1)Nk

mαmi>δ8+Pβspjrkp(.S+l)lォサ*k

Accordinglywehave

limsupφn(S,α)≧S+1

n→Cく)

ByLemma3

(ilimsupφn(s,c)-s+l

n-<x>

ByLemma1,2-1isasingularpoint,q.e.d.

Note1.Whenp一一-wehavePringsheim'stheorem.

4-AnoteonHadamardsgap-theorem

Theorem4SupposethattheseriesJcnz"hasradiusofconvergence1.Forsui-

tablearealnumberp,apositiveinteger5andpositivenumbersδ′,δ(δ′>
(2nV
¥s+¥)をδ>o),ifthereexistsanincreasingsequenceofpositiveintegers
{ォ*},nk…O(mods),suchthat

Cnk≧δ′nkp寸をCn巨‡δnp

for(1-θ)nk≦n≦(1+θ)ォ*,nトrik,withafixedpositive〟(<Sつthen-1is

anaturalboundaryofthefunctiondefinedbytheseriesEcnzn

Proof.Forsufficientlylargekandeacht(0≦t<2π),byputtingnk-sjvk,

-2n　δ′-δ-4β A-一芸譜>1and　ε-
β

δヰβ

・・24)貰)irk((5+1)Nk

¥msmc-e'≧Cnk

一裴vry(s+i)ォk

¥m-C-

where the sign' indicates that the term corresponding to m-rik is omitted in the

summation.

By similar discussion in the proof of Theorem 3.,

(s霊≧Nk　　　> δ(86工4pβ S>xkP(叶1)寸""*

tn=O(5+1)

m-σ桝l<Z
[(|-サ)SS,]+1Vwl桝dmp+r3サk(.s+l)<-+サNk

<旦o+p

・豊㌍ s-cs+l)***1-*,
where O<γ3<1.

From (24), (25) and (26)
is+DIfk

('27)
W=0

/(5+1)Nk
¥ms-cme'>。^S-CS+l)'-"";!

Accoi'dingly we have

lim sup　φn(se",c)≧S+1
n一寸CQ
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From Lemma 3.

limsupφn(se",c)-s+l.

n→∞

ByLemma2.|z|-1isanaturalboundary,q.e.d.

Note2.Whenp一一-wehavethesecondHadamard'sgap-theorem.

Corollary1.Letf(z)-」cnZnhasradiusofconvergence1and

{サ*}beasequenceofpositiveintegerssatisfyingHadamard'sgapcondition,

i.e.rik+i-tih≧αnkfork-Q,1,2,-whereα>0,andmoreoverrih…O(mods).
・fδ′>V5+1-)-;δ>Oandpisarealnu-bersuchthat

(i)cnk≧δ′nkPH(」-0,1,2,--・.)

(ii)Cn≦δn"(n^=nhforanyk),

then/(2)hastheunitcircleasanaturalboundary.

Note3.Whenp一一-wehavethefirstHadamard'sgap-theorem.Bysimilardis-

cussioninthispaper,Theorem2.of〔4〕isextendedasfollows:

Theorem5-Supposethatφ(x)satisfiestheconditions

・a)li-^-0,

x^。。Ii-

x^∞謡筈妄--・(b)φ′(x)JOforx†-,

andthattheseries^cnznhasradiusofconvergence1,andlet{ォ*}k-0,1,2-・-

beanincreasingsequenceofpositiveintegerssuchthatォ*+i-rik≧φ(nh),thenif

thereexistsasubsequence{ni},jti…0(mods),ofthesequenceイrik},and{ni}

satisfiesthefollowingconditions,thentheunitcircleisanaturalboundary.

Conditions.Forsuitablepositivenu-bersβ(1>β>0),5′,δ(δ′>vs+irδ>0,),areal

numberpandapositivenumberθ(<sl),thefollowinginequalitieshold.

Fφ<v(c)>Cnt≧δ′ntp+与

for〔(1-θ)NL〕≦nt≦〔(1+0)01〕

(d)i≦δnp

for〔(1-θ)Nt〕≦n≦〔(1+0)m〕andwff:{ォ*}.
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