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1. Introduction

In earlier notes (3], by an application of the Hadamard singularity criterion we

obtained the following theorems.

Theorem 1. Suppose that the series Jic.z" has radius of convergence 1. For sui-
table positive numbers §’,8 (6'>7%6>0) and a real number p, if Re c,==—on’ and
there exists an infinite subsequence {n4} such that Re ca,==0'ms?*', then z=1is a
singular point of the function defined by the series ica2”.

Theorem 2. Suppose that the series Slcaz” has radius of convergence 1, and let {nz}
be an increasing sequence of positive integers such that g, —ne=an: for £=0,1,
2y veenen where «>0. For suitable positive numbers &, 6(8’>=*3>0)and a real num-
ber p,if | cug | S20'm?** and | ca | <on? for ni-ng B=0, 1, 2, - , then the unit cir-
cle is a natural boundary of the function defined by the series Xcaz®.

The purpose of the present paper is to prove the following results.

If in these theorems {ms} contains an infinite number of multiples of s (a positive

2z Jra>o.

integer), we can replace the condition ¢’ >#z%6>0 with the condition 6’>(S+1

Theorem 1. Theorem 2. are obtained as special cases s=1.
For the proofs of the theorems we need several Lemmas. In this paper we may

put
1

| 3 (1) hmem | *=gulh o)

m=0
2. Lemmas
Lemma 1. (5) Suppose that the series Xcaz” has radius of convergence 1. A ne-
cessary and sufficient condition that z=1 be a singular point of the function
defined by the series Scn2” is that
(1) lim sup ¢u(B,c)=1+4

n— >0
for some #>0 .

Lemma 2. Suppose that the series Ylc.2* has radius of convergence 1. A necessary
and sufficient condition that |z | =1 be a natural boundary of the function de-
fined by the series Jicn2” is that
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) lim sup ga(he®,c) =1+h

Nn—> o<

for each 0 (0=60<2r)
Proof. Replacing z of f(z) by ¥z, z=¢'% is a singular point if and only if

(3) lim sup ga(he®,c)=1+h
n—x
Lemma 3. If the series Jca2* has radius of convergence 1,
(4) lim sup ga(he®®, c)=1+h
n—> 0

for each 0(0=<0<2r).
Lemma 4. When s is an arbitrary positive integer and = is sufficiently large, there
exists r (<1) which the following inequalities hold for 0<g<s".

(5) ( (s+1)n ) [(148) sa) S+hn
s <p* (s+1)
((1+0)sn)
+1 -@)sn St+yn
(6) ( (s+1) n )Sm 0) sn) - (S+1)< 1
((1—0)sn)

where { ) is the Gaussian symbol and r is independent on #.
A
Proof. By Stirling’s formula n! = (2z)'n" ¢ " 1 0<a<)

(7) (S-‘rl) n [(i40)sn) (1+6)s (1-6sy -n (S+hn
( > K <n {(1+0) (1-0s) Y (s+1)
((A+0)sn)

Since (14+0)1#s (1—gs)-®> 1, the inequality (5) holds. By similar discussion,

we have (6).
Lemma 5. When p is an arbitrary real number and #» is sufficiently large, we have

the following inequality for an arbitrary number A (>1).

(s+1)m (sth)n

® 3 (CEDT)momr <A (sme (s+1)

m=0
Proof. From Lemma 4.

(i) When p>0, For a number ¢ such that O<0<<A§J r)ll’—l,
((-B)ysn Sthyn
o X T(AED) smomocrn 4D T C=)sm {LA=0)smI+ L}

<y (s+1)ehn (0<lr<r<1),
where 7, 7, are independent on #.

By similar discussion

(s+1)m
W 37 (GO ) smmr<ras 1y,
L(1+0) snd

where 7, (<1) is independent on 7 .
[U+8) sn3-1 (U+3) snl-|
3 (ED My e < ST (G D) smitrmsm—1y2

L(1=8) snl+! L(1=0) sml+l

LA 0) st (s+1) e,
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From (9) + (10) + (1)

(s+)m
2

(12 (CEDM)sm me <G r4rm) st A0t (st1) e
m=0

K A(sn)P(s+1)sthm,

because we may take 7 such that (7,47, stn?< ,AZ_ 1

(i) When p<0, by similar discussion in (i), for a number ¢ such that
2 \_1
0<o<i=( 45y )7 -

-8y sn) ‘
W > <(S+W%) n) sm o mbryn(s+1)Stn
m=0
(s+1)n
“w 3 <(S+7r1¢) 7’!) sm o mb <y (s+1) SHn
L(110) sn)
C(1+8) sn)-1

((S-l—np n) sm mp< (1—0)PsPnp(s+1) s+hn

((1=0) snl+1
From (13)+ (14) + (15)

(s+)n

(16) 2 ((s‘{'nili) n > sm mP<A(sn)p(s+1) S+nyn

m=0
(iii) When p=0 it is evident. q. e. d.
Lemma 6. For an arbitrary positive number ¢ and sufficiently large #n
@ (CED")somsa—a( 51 ) om sty e
Proof. Again, by Stirling’s formula it is evident.
3. A note on Pringsheim’s theorem ,
Theorem 3. Suppose that the series Jcn2” has radius of convergence 1. For sui-
table a real number p,a positive integer s and positive numbers §’, ¢ (6’>(—3277_r1—>;
0>0), if Re chu==—0dn? and there exists an infinite subsequence {e}so0,1,2
ng=0(mod s),such that Re ca,=0'ns?*, then z=1 is a singular point of the func-
tion defined by the series Sca2".
Proof. Putting Recan=aam, it is clear that Sa,2” has radius of convergence 1. For

N =S8Nk

(s+)Nk (S'l-l) Nk m ~ (S'I"l) Nk SN S+ N g (S+1) Nk n
19 ;nS_,:D ( m )s tm =< S )s kan,,+g,=:‘ ( m >s aAm

where the sign * means that we drop non-negative terms.
For sufficiently large £, by Lemma 5. and putting
1
(S—’L-l-)a §—5=35 >0, A=2F28 5y,

2n T o+B
9 S (S+1) Nk m 0 (5 +248) S+
“ l'%::‘ ( m ) s7am | < 775-143 SPup?(s+1) SN, |
By Lemma 6. and putting 5=3,:19F
© < (st‘}v)k Nk )‘SSN” Qnp> 6<Z:‘;ﬂ) -SPp? (s+1) sth A,

From (18), (19) and (20)
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(s+)Np (S+1) Nk ) 5‘B » » (SN
e 13O Jemaw | > o st (s ey
Accordingly we have
@) lim sup @u(s, @)=s+1

n—>00
By Lemma 3.
@ lim sup ¢a(s¢)=s+1
n-—-00

By Lemma 1, z=1 is a singular point. q. e. d.
Note 1. When p——o0, we have Pringsheim’s theorem.
4. A note on Hadamard's gap-theorem
Theorem 4. Suppose that the series Jic.2” has radius of convergence 1. For sui-
table a real number p, a positive integer s and positive numbers ¢’,6 (6'>
(j_”l >§ 0>0), if there exists an increasing sequence of positive integers
{ne}, nx=0(mod s), such that
long | Zo'm™, L ea | Zond
for (1—0)nme=n=(1+0) 7, n--np, with a fixed positive ¢ (<s™), then [z]| =1 is
a natural boundary of the function defined by the series 3cnz".

Proof. For sufficiently large 2 and each ¢ (0=¢<2r), by putting #nz=sws,

s+INL, o _0+28 B
(7—2—7Ef>25 5—4ﬁ, A= 3’¥'B*‘>1 and e= 5’}7“87’
(Se)Ng N
ey 13T (G Y smeneimt | 2 (ST ) s o

(S+N Nk
—SP(GE D W em g, |

m=0
where the sign’ indicates that the term corresponding to m=mn; is omitted in the
summation.
By similar discussion in the proof of Theorem 3.,

@) ( (S-:iZNk )s“"k L eng | > B(giéﬂ) SPugP(s41) Ny

(S+D)Np (U149 SN EI-1
wm 3 ( (st 1) e s lem| <

m=0
5(‘}‘_%%@,54:1”»(34.1) (SEON gLy Ny (s 1) (DN,

<
<i(gif;‘8) SPNkp(S-l- 1) (s+1)Nk,

where 0<r;<1.
From (24), (25) and (26)

( (S+1’1n) Nk )Sm-5m1’+r3’vk(s+l)‘s+"”/,

[(l—v)SNk]H

(s+1) Nk : 0f v
@ | > < (s+7}1) N") Smemeimt | > 51‘6 SPagP(s+1) N,

Accordingly we have

@9 lim sup ¢n(se', c)=s+1
n—>00
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From Lemma 3.
©9 lim sup gﬂn(se”, C)=S+1

n—>00
By Lemma 2. | z| =1 1is a natural boundary. q. e. d.
Note 2. When p——oo, we have the second Hadamard’s gap-theorem.
Corollary 1. Let f(z)= Jlca2” has radius of convergence 1 and
{nx} be a sequence of positive integers satisfying Hadamard’s gap condition,
i.e. Ny —nr=ang for k=0,1,2, .- , where a>0, and moreover nx=0(mod s).
If 6’>(‘ s%fi )é d>0 and p is a real number such that

(1) | Cng | =20"me?* (B=0,1,2, e )
() | cn| =on? (n4=ng for any k),
then f (2) has the unit circle as a natural boundary.
Note 3. When p->—oo, we have the first Hadamard’s gap-theorem. By similar dis-
cussion in this paper, Theorem 2. of (4) is extended as follows:
Theorem 5. Suppose that ¢(x) satisfies the conditions

e

im #® - i .
(@) lim 0, lim V% Tog #

x—o0 ¥ x—00
®m @0 for x 1 oo,
and that the series Jcn,2” has radius of convergence 1, and let {#z} £=0,1,2-.----
be an increasing sequence of positive integers such that #s, —#ne=2@(n), then if
there exists a subsequence {wi}, =0 (mod s), of the sequence {mz}, and {~i}
satisfies the following conditions, then the unit circle is a natural boundary.
Conditions. For suitable positive numbers g(1>5>0),4,4 (5’><7:92:1>56>0,), a real
number p and a positive number #(<s™"), the following inequalities hold.
n, 2
© efﬁ”,;:) N | o
for (A=) == (A+0)x1)
(d) | cn | =<om?

for (- w)=n=((1+0)~) and nc{ns}.

| =0’ n Pt
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