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Introduction

In an earier note (5) we obtained a constructive proof of the result of Fatou-Pélya
that if 3a.z" has finite radius of convergence, a sequence {e.}, taking the values
+1 only, can be chosen such that Na.enz” has its circle of convergence as a natural
boundary.
The object of this paper is to give a constructive proof of a extended result of
Fatou-Pdlya and to show that this result contains the following result on Pélya-
Hausdorff space (4]
The set of the continuable power series is the boundary of the set of the non—conti-
nuable power series.
§1

Theorem 1. Suppose that 3c,z” has radius of convergence 1 and {b,} is an arbitrary

sequence, with lim sup | x| 3:=1, then there exists a sequence {d»}, where dp=

n—> 00
ba or 0, such that J3}(ca+ds)z* has the unit circle as a natural boundary.
Proof. Let s;, 85 -+ be everywhere dense on |z | =1 and z,,2z +++ be an infinite

sequence in which each s; occurs infinitely often.
Further, put

4"
Loasomy
(1) l/?n(c: z)= 22n22<m >sz
3”
©) | 902 | =Ra@, |- puuJon | =7

Next, let {Nz}, {nz} (=12, - ) be two sequences of positive integers satisfying

the following conditions.
1 1

) Hm | cw | Yh=1,  lim | bu| "*=1.
k~—>00 — OO
(4) 20, <ngy
(5) N < Np<tgs,
Now we construct {d,} as follows:
ba for n=nr with 743 >2Rn;,(2s)
(6) dn:“'

0 for the rest
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From (3) (5) and () X {(c»+ds)z* has radius of convergence 1.
From (1) (2) (4) and (6)

| png(c+d,z8) | = | "217”;;2 <2;’11k>(cm+dm) 2|
3"k
4y
= | éznk{ﬂ%}k(%;" >cmz',','+<2:: >dnkZZk ] Iglr,.,,
3"z

By (2) and Stirling’s formula
1

(1) lim 7" k=1
k—)OO

Accordingly
1

®) Lm | pug(c+d,zs) | "421

— 00
Since each s; occurs infinitely often in {zz}, we have
1

(9) lim sup | ga(c+d,s5) | " =1
7—> 00

By the fact that {s;} is everywhere dense on |z | =1 and (3), 3 (cat+ds)z" has

| 2| =1 as a natural boundary. gq. e. d.

Corollary 1. Suppose that Jicaz” has radius of convergence 1, then a sequence {ea},
taking the values +1 only, can be chosen such that aes.2® has the unit circle
as a natural boundary (Fatou-Pélya).

Proof. In Theorem 1 we have only to replace {b.} by {—2¢.}. q. e. d.

Let S, and S; denote the sets of the non-continuable and continuable power series

respectively, then we have the following corollary.

Corollary 2. S, is the boundary of. S,

Proof. {c.}€S, and let {e»} be a neighborhood of {c.}.If we put b,= és,, in Theorem

1, we can see that the neighborhood of {c.} contains at least one point which be-

longs to S;.q. e. d.
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